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Chapter 1
Introduction and Overview
Charak Samhita (First book of Aurveda)
Even if we separately know all the organs making up a human body, we still fall short of knowing the
whole body.
In this chapter we introduce the research areas dealt with in this thesis
and give some background material.
1.1 Quantum entanglement
Entanglement is a subtle and eluding property of quantum systems com-
prising many parts. Entanglement induces correlations between the mea-
surable properties of different parts of a quantum system which cannot be
reproduced by any procedure involving only the local operations (LO) and
classical communication (CC) between various parts of the system [1]. In
consonance with this, entanglement in a quantum system cannot increase
(or be created) via LOCC. This principle is connected to another intriguing
property of entanglement: a multipartite quantum system can get entan-
gled in various inequivalent ways, which cannot be transformed into each
other via LOCC. However, the most challenging aspect of entanglement is
that it cannot be ‘built in parts’, that is, the entanglement of N parts is
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not a sum or a simple function of the entanglement of M(< N) partite
subsystems [2].
The concept of entanglement has played a crucial role in the devel-
opment of quantum physics. In the early days entanglement was mainly
perceived as the qualitative feature of quantum theory that most strikingly
distinguishes it from our classical intuition. The subsequent development of
Bell inequalities made this distinction quantitative, and therefore rendered
the nonlocal features of quantum theory accessible to experimental verifi-
cation [3, 4, 5]. Bell inequalities may indeed be viewed as an early attempt
to quantify quantum correlations that are responsible for the counterin-
tuitive features of quantum mechanically entangled states. At the time
it was almost unimaginable that such quantum correlations between dis-
tinct quantum systems could be created in well controlled environments.
However, the technological progress of the last few decades means that we
are now able to coherently prepare, manipulate, and measure individual
quantum systems, as well as create controllable quantum correlations. In
parallel with these developments, quantum correlations have come to be
recognized as a novel resource that may be used to perform tasks that are
either impossible or very inefficient in the classical realm. These devel-
opments have provided the seed for the development of modern quantum
information science.
Given the status of entanglement as a resource it is quite natural and
important to discover the mathematical structures underlying its theoreti-
cal description. We will see that such a description aims to provide answers
to three questions about entanglement, namely (1) its detection and clas-
sification, (2) its creation and manipulation and, (3) its quantification.
In this thesis, we deal with the second and the third problem. We
have used the geometric (Bloch representation) approach for studying the
creation and quantification of entanglement we give a geometric measure
for quantifying the entanglement of multipartite pure states of fermionic
systems. Our measure satisfies all properties for a good measure of entan-
glement.
We have loosely described entanglement as the quantum correlations
that can occur in many-party quantum states. This leads to the question
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what differentiates quantum correlations from as implied by entanglement
classical correlations? In the context of quantum information one of the
precise way to define classical correlations is via LOCC operations. Clas-
sical correlations can be defined as those that can be generated by LOCC
operations. If we observe a quantum system and find correlations that can-
not be simulated classically, then we usually attribute them to quantum
effects, and hence label them quantum correlations. The entanglement is a
resource because it lifts the so-called LOCC constraint, i.e. entanglement
and LOCC together can perform tasks that cannot be accomplished by
LOCC alone. Using LOCC-operations as the only other tool, the inherent
quantum correlations of entanglement are required to implement general,
and therefore nonlocal, quantum operations on two or more parts [8, 9]. As
LOCC-operations alone are insufficient to achieve these transformations,
we conclude that entanglement may be defined as the sort of correlations
that may not be created by LOCC alone.
Entanglement has proved to be a vital physical resource for various kinds
of quantum-information processing, including quantum state teleportation
[10, 11], cryptographic key distribution [12], classical communication over
quantum channels [13, 14, 15], quantum error correction [16], quantum
computational speedups [17], and distributed computation [18, 19]. Fur-
ther, entanglement is expected to play a crucial role in the many particle
phenomena such as quantum phase transitions, transfer of information
across a spin chain [70, 21] etc. Therefore, quantification of entanglement
of multipartite quantum states is fundamental to the whole field of quan-
tum information and in general, to the physics of multicomponent quantum
systems.
Whereas the entanglement in pure bipartite state is well understood,
the understanding of entanglement in mixed bipartite state is far from
complete. In section 1.1, we review the entanglement of bipartite quantum
system. We will state the available measures and criteria for detecting
entanglement for both bipartite pure and mixed states. In section 1.2,
we deal with multipartite entangled states. In section 1.3, we explain the
capability of creating entanglement for a general physical interaction acting
on two qubits. In section 1.4, we discuss entanglement in indistinguishable
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particle systems. In section 1.5, we summarize the quantum discord as a
measure of “quantumness” of the system. The material in section 1.3, 1.4,
1.5 and 1.6 forms a background for chapters 2, 3, 4, and 5. Section 1.7 is
chapterwise summary.
1.2 Bipartite Entanglement
In this section, we define the entanglement in bipartite quantum states.
We review the work that has been done in the bipartite systems. Consider
a system consisting of two subsystems. Quantum mechanics associates to
each subsystem a Hilbert space. Let HA and HB denote these two Hilbert
spaces, let |i〉A (where i = 1, 2, 3, · · · ) represent a complete orthonormal
basis for HA and |j〉B (where j = 1, 2, 3, · · · ) a complete orthonormal
basis for HB. Quantum mechanics associates with the system, i.e. the
two subsystems taken together, the Hilbert space spanned by the states
|i〉A ⊗ |j〉B. In the following, we will drop the tensor product symbol ⊗
and write |i〉A⊗ |j〉B as |i〉A|j〉B, and so on. Any linear combination of the
basis states |i〉A|j〉B is a state of the system, and any state |ψ〉AB of the
system can be written [22]
|ψ〉AB =
∑
ij
cij|i〉A|j〉B, (1.1)
where the cij are complex coefficients, we take |ψ〉AB to be normalized,
hence
∑
ij |cij|2 = 1.
If we can write |ψ〉AB = |ψ(A)〉A|ψ(B)〉B, we say the |ψ〉AB is product
state (separable state). If |ψ〉AB is not a product state, we say that it is
entangled.
By using local operators and classical communication (LOCC) any state
|ψ〉AB of two subsystems A and B can be transformed to the form [23, 7]
|ψ〉AB =
k∑
i=1
di|φi〉A|φ′i〉B; k ≤ dim(HA ⊗HB), (1.2)
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where the positive coefficients di are called Schimdt coefficients. The
state is entangled if at least two coefficients do not vanish. Pure entangled
state contains quantum correlation which can not be simulated by any
classical tools. A fundamental Theorem was proved by Bell [3], who showed
that if the constraint of locality was imposed on the hidden variables, then
there was an upper bound on the correlations of results of measurements
that could be performed on the two distant systems. That upper bound,
mathematically expressed by Bell’s inequality [3], is violated by some state
in quantum mechanics, thus the state contains quantum correlation which
is Non-local property of quantum state [24].
However, in real conditions, owing to interaction with the environment,
called decoherence, we encounter mixed states rather than pure ones. A
mixed state is a classical mixture of pure quantum states [22]. These
mixed states can still possess some residual entanglement. A mixed state
is considered to be entangled if it is not a mixture of product states [25].
In mixed states the quantum correlations are weakened and hence the
manifestations of mixed state entanglement can be very subtle [26]. From
the definition of entanglement of mixed state it is difficult to apply this
definition directly to know the quantum state is entangled or not, because
the mixed state contains both classical and quantum correlations, and can
be prepared using infinite possible ensembles.
For pure states, it is easily shown that the CHSH inequality is violated
by any nonfactorable state [27, 28], while on the other hand a factorable
state trivially admits a (contextual) LHV model [4].
For mixed states, Werner [25] constructed a density matrix ρw for a pair
of spin-j particles. Werner’s state ρw can not be written as a sum of direct
products of density matrices,
∑
j cjρ
A
j ⊗ ρBj , where A and B refer to the
two distant particles and j runs over the states in the ensemble. There-
fore, genuinely quantum correlations are involved in ρw. Nevertheless, for
any pair of ideal local measurements performed on the two particles, the
correlations derived from ρw not only satisfy the CHSH inequality, but, as
Werner showed [25], it is possible to introduce an explicit LHV model that
correctly reproduces all the observable correlations for these ideal measure-
ments [24]. Thus for mixed states entanglement and nonlocality are two
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different resources.
1.3 Multipartite Entanglement
Multiparticle entanglement is genuinely different from entanglement in
quantum systems consisting of two parts. To understand what is so dif-
ferent consider, say, a quantum system that is composed of three qubits.
Each of the qubits is to be held by one of three laboratories distantly
separated. It may come as quite a surprise that states of such composite
quantum systems may contain tripartite entanglement, while at the same
time showing no bi-partite entanglement at all. In contrast to the bipartite
setting, there is no longer a natural “unit” of entanglement, the role that
was taken by the maximally entangled state of a system of two qubits.
Quite strikingly, the very concept of being maximally entangled becomes
void. Instead, we will see that in two ways there are “inequivalent kinds
of entanglement”. Consider multipartite entanglement of pure quantum
states. A theory of entanglement should not discriminate states that dif-
fer only by a local operation. Here, “local operation” can mean merely
a change of local bases (LU operations) or, else, general local quantum
operations assisted by classical communication, that are either required to
be successful at each instance (LOCC) or just stochastically (SLOCC). For
each notion of locality, local unitary operation (LU) or Local operations
and classical communication (LOCC) or just stochastic-LOCC (SLOCC),
the questions that have to be addressed are how many equivalence classes
exist, how are they parameterized and how can one decide whether two
given states belong to the same class?
For the case of bi-partite qubit states, two quantum states are LU-
equivalent if and only if their respective Schmidt normal forms coincide.
All classes are parameterized by only one real parameter. Some simple
parameter counting arguments show that in the case of N-qubit systems
the situation must be vastly more complex. Indeed, disregarding a global
phase, it takes 2N+1− 2 real parameters to fix a normalized quantum state
in H = (C2)⊗N . The group of local unitary transformations SU(2)× · · · ×
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SU(2) on the other hand has 3N real parameters [2]. Therefore, one needs
at least 2N+1−3N−2 real numbers to parameterize the sets of inequivalent
pure quantum states [29]. This lower bound turns out to be tight [30]. It
is a striking result that the ratio of non-local to local parameters grows
exponentially in the number of systems. In particular, the finding rules out
all hopes of a generalization of the Schmidt normal form. A general pure
tripartite qubit state, say, cannot be cast into the form sinθ|000〉+cosθ|111〉
by the action of local unitaries [5]. Considerable effort has been undertaken
to describe the structure of LU-equivalence classes by the use of invariants
or normal forms [29, 30, 31, 32, 33]. Ac´in et al. [34] have proved for any
pure three-qubit state the existence of local bases which allow one to build
a set of five orthogonal product states in terms of which the state can be
written in a unique form. This leads to a canonical form which generalizes
the two-qubit Schmidt decomposition. It is uniquely characterized by the
five entanglement parameters. When one deals with SLOCC operations,
the group of SLOCC, SL(C2)×· · ·×SL(C2) has 2N+1−6N−2 parameters
that are necessary to label SLOCC equivalence classes of qubit systems. It
turns out that the three-qubit pure states are partitioned into a total of Six
SLOCC-equivalent classes [35]. The picture is complete for three-qubit :
any fully entangled state is SLOCC-equivalent to either |GHZ〉 or |W 〉 [35].
Three-qubit W-states and GHZ-states have already been experimentally
realized, both purely optically using postselection [36, 37] and in ion traps
[38]. The two states behave differently, however, if a system is traced
out. Specifically, tracing out the first qubit of the GHZ state will leave the
remaining systems in a complete mixture. For |W 〉 will leave the remaining
systems in a mixed entangled bipartite state. Thus, the entanglement
of |W 〉 is more robust under particle loss than the one of |GHZ〉 [35].
From point of view of asymptotic manipulation of multipartite quantum
states, there is no longer a single essential ingredient as in bipartite the
maximally entangled state or EPR-state, but many different ones. In the
multi-particle case, however, it is meaningful to introduce the concept of a
minimal reversible entanglement generating set (MREGS). An MREGS
S is a set of pure states such that any other state can be generated from
S by means of reversible asymptotic LOCC. It must be minimal in the
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sense that no set of smaller cardinality possesses the same property [39,
40, 41]. Yet, it can be shown that merely to consider maximally entangled
qubit pairs is not sufficient to construct an MREGS [40]. To find general
means for constructing MREGS constitutes one of the challenging open
problems of the field: as long as this question is generally unresolved, the
development of a “theory of multi-particle entanglement” in the same way
as in the bi-partite setting seems unfeasible.
1.4 Generation of entangled quantum systems : en-
tanglement capacity
Since entanglement cannot be increased (generated) via LOCC, the in-
teraction between various parts of a quantum system is needed to gen-
erate and increase its entanglement. Thus a quantum system evolves
to generate entanglement provided its parts interacts. Any Hamiltonian
HAB 6= HA+HB that is not a sum of local terms couples the systems A and
B. Together with local operations, the coupling can be used to generate
entanglement [42, 43, 44], to transmit classical and quantum information
[43, 45, 46, 47], and more generally, to simulate the bipartite dynamics of
some other Hamiltonian H´AB and thus to perform arbitrary unitary gates
on the composite space HAB = HA ⊗HB [48, 43, 49]. Much experimental
effort has been devoted to creating entangled states of quantum systems,
including those in quantum optics, nuclear magnetic resonance, and con-
densed matter physics [50]. Determining the ability of a system to create
entangled states provides a benchmark of the “quantumness” of the sys-
tem. Furthermore,such states could ultimately be put to practical use in
various quantum information processing tasks, such as superdense coding
[51]or quantum teleportation [55].
The theory of optimal entanglement generation can be approached in
different ways. For example, Ref. [42] considers single-shot capacities. In
the case of two-qubit interactions, and assuming that ancillary systems are
not available, Ref. [42] presents a closed form expression for the entan-
glement capacity and optimal protocols by which it can be achieved. In
1.4 Generation of entangled quantum systems : entanglement capacity 9
contrast, Ref. [43] considers the asymptotic entanglement capacity, allow-
ing the use of ancillary systems, and shows that when ancillas are allowed,
the single-shot and asymptotic capacities are in fact the same. However,
such capacities can be difficult to calculate because the ancillary systems
may be arbitrarily large.
In the past few years there has been a considerable increase in exper-
imental activity aiming to create entangled quantum states. One reason
is the potential applications of entanglement to quantum information pro-
cessing. Creating entanglement has been possible in quantum optics for
more than a decade; however, now many new communities, working in a va-
riety of experimental areas (for example, NMR, condensed matter physics)
are also joining the field [50]. In general, entanglement between two sys-
tems can be generated if they interact in a controlled way. However, in
most experiments these interactions are weak which makes the production
of entanglement a very difficult task. Thus, it would be very convenient
to have a theory which would provide us with the best way of exploiting
interactions to produce entanglement. we try to analyze the entanglement
capabilities of Hamiltonians. In particular, we would like to answer ques-
tions such as the following: Given an interaction (Hamiltonian), what is the
most efficient way of entangling particles? Can we make the process more
efficient by supplementing the action of the Hamiltonian with some local
unitary operations? Can we increase the entanglement more efficiently by
using some ancillas? So far, much of the theoretical effort in quantum infor-
mation theory has been devoted to the characterization and quantification
of the entanglement of a given state. Very recently, it has been realized
that there is a parallel notion of the entanglement in the dynamics of a
system [8]. In [8], the authors consider the situation that one has a given
unitary transformation and ask, for example, how much state entangle-
ment is needed to produce it. Here we focus on a different issue: Given an
interaction (i.e., a Hamiltonian) how can we make the most effective use of
it [44]? What we propose here is to define and determine the entanglement
capabilities of physical processes, in particular, of unitary evolutions [54].
This is a very relevant problem not only from the theoretical point of view
but also from the experimental one. Of course, this problem is even more
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difficult than the one of quantifying the entanglement of states. In any
case, then we give the first steps in this direction by considering the case
in which the physical process is acting on two qubits. From our results it
turns out that (i) it is more efficient to produce entanglement if initially
one already has some. (ii) The best initial entanglement is universal, i.e.,
independent of the physical process. (iii) One can improve the performance
of a physical process by complementing it with fast local operations. (iv)
One can also improve it (in certain cases) by using auxiliary systems. (v)
All entangling Hamiltonians can simulate each other and are thus qualita-
tively equivalent; we also provide an upper bound on the time required for
one Hamiltonian to simulate another. We consider two qubits interacting
via a nonlocal Hamiltonian H. We want to determine the most efficient
way in which we can use such an interaction to produce entanglement. We
will characterize the entanglement of a state of the qubits at a given time
t, |ψ(t)〉, by some entanglement measure E. In order to quantify the en-
tanglement production, we define the entanglement rate Γ at a particular
time t of the interaction as follows:
Γ (t) =
dE (t)
dt
. (1.3)
This quantity depends on |ψ〉 not only through its entanglement E.
The goal is then to find the conditions which must be satisfied in order to
obtain a maximal entanglement rate. In particular, we will be interested in
determining the following: (i) For any initial entanglement E of the two-
qubit system, what is the state |ψ(t)〉, say |ψE〉, for which the interaction
produces the maximal rate ΓE? (ii) The maximal achievable entanglement
rate Γmax ( note that the definitions of Γ and Γmax are not restricted to
qubits but are also valid for d-level systems, d ≥ 0), Γmax ≡ maxEΓE and
the state |ψmax〉 for which Γ = Γmax.
In what follows we provide some essential background to appreciate
the work presented in chapter 2. We review some definitions and known
results. Let |ψ〉 be a state of the systems A and B. This state can always
be written using the Schmidt decomposition [5],
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|ψ〉 :=
∑
i
√
λi |φi〉A ⊗ |ηi〉B (1.4)
where {|φi〉} and {|ηi〉} are orthonormal sets of states, and with λi > 0∑
i λi = 1. The entanglement between A and B is defined as
E (|ψ〉) := −
∑
i
λi log2 λi (1.5)
Reference [42] considers maximizing the rate of increase of entanglement
when a pure state is acted on by e−iHt, the evolution according to a time-
independent HamiltonianH (we set ~ = 1 ). We refer to this maximal rate
as the single-shot entanglement capacity. When no ancillas are used, this
is given by
Γ
(1∗)
H := max|ψ〉∈HAB
lim
t→0
E
(
e−iHt |ψ〉)− E (|ψ〉)
t
(1.6)
Here the rate of increasing entanglement is optimized over all possible
pure initial states of HAB without ancillary systems. In fact, the single-
shot capacity may be higher if ancillary systems A´ and B´, not acted on by
H, are used. For this reason, we may consider the alternative single-shot
entanglement capacity
Γ
(1)
H := sup|ψ〉∈HAA´BB´
lim
t→0
E
(
e−iHt |ψ〉)− E (|ψ〉)
t
(1.7)
Note that in Eqs. ((1.3) , (1.4)), the limit is the same from both sides
even though it might be the case that Γ
(1∗)
H 6= Γ(1)−H in general (and similarly
for Γ
(1)
H ). For any two-qubit Hamiltonian H, Ref. [42] shows that it is
locally equivalent to a canonicalform∑
i=x,y,z
µiσi ⊗ σi, µx ≥ µy ≥ |µz| (1.8)
In terms of this canonical form, the optimal single-shot entanglement
capacity of any two-qubit interaction without ancillas is given by
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Γ
(1∗)
H := α (µx + µy) . (1.9)
α := 2max
x
√
x (1− x) log2
(
x
1− x
)
≈ 1.9123. (1.10)
where the maximum is obtained at x0 ≈ 0.9168. In addition, Γ(1)H may
be strictly larger than Γ
(1∗)
H when |µz| > 0 [42]. Reference [43] considers
the asymptotic entanglement capacity Γ
(1)
H for an arbitrary Hamiltonian
H. Γ
(1)
H is defined as the maximum average rate at which entanglement
can be produced by using many interacting pairs of systems, in parallel or
sequentially. These systems may be acted on by arbitrary collective local
operations (attaching or discarding ancillary systems, unitary transforma-
tions, and measurements). Furthermore, classical communication between
A and B and possibly mixed initial states are allowed. Reference [43]
proves that the asymptotic entanglement capacity in this general setting
turns out to be just the single-shot capacity in Ref. [42], ΓH = Γ
(1)
H , for all
H, so
ΓH := sup
|ψ〉∈HAA´BB´
lim
t→0
E
(
e−iHt |ψ〉)− E (|ψ〉)
t
(1.11)
Note that the definition of the capacity involves a supremum over both
all possible states and all possible interaction times, but in fact it can be
expressed as a supremum over states and a limit as t → 0, with the limit
and the supremum taken in either order. Let |ψ〉 be the optimal input
in Eq. ((1.4) or (1.8)). When |ψ〉 is finite dimensional, the entanglement
capacity can be achieved [42, 43] by first inefficiently generating some EPR
pairs, and repeating the following three steps: (i) transform nE (|ψ〉) EPR
pairs into |ψ〉⊗n [52, 53], (ii) evolve each |ψ〉 according to H for a short
time δt, and (iii) concentrate the entanglement into n (E (|ψ〉) + δtΓH)
EPR pairs [52]. It shows that Γ
(1∗)
K := Γ
(1)
K for any two-qubit Hamiltonian
with canonical form
K := µxσx ⊗ σx + µxσy ⊗ σy, µx ≥ µy ≥ 0 (1.12)
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so that all three entanglement capacities are equal:
ΓK = Γ
(1)
K = Γ
(1∗)
K (1.13)
The optimal input is therefore a two-qubit state, and the optimal proto-
col applies. In particular, for these Hamiltonians, which include the Ising
interaction σz⊗ σz and the anisotropic Heisenberg interaction µxσx⊗ σx+
µxσy ⊗ σy, entanglement can be optimally generated from a two-qubit ini-
tial state |ψ〉 without ancillary systems A´B´. As mentioned above, this
result is not generic, since ancillas increase the amount of entanglement
generated by some two-qubit interactions, such as the isotropic Heisenberg
interaction µxσx ⊗ σx + µxσy ⊗ σy + µzσz ⊗ σz [42].
1.5 Entanglement in indistinguishable particle sys-
tems
Understanding and using entangled states of identical and indistinguish-
able particles [58, 59, 60, 61, 62, 63, 64, 65] generates many questions of
fundamental nature.
The first of these problems is that of locality and nature of local oper-
ations [58]. for the case of distinguishable particles, by locality, we mean
Einstein locality [66], which is identically realized by different parts of a
quantum system being space-like separated. However, the quantum parti-
cles making up a system are essentially indistinguishable as long as their
wave functions overlap, that is, they are at short distances from one an-
other [59] . Such a situation can arise, for example, in a quantum device
based on quantum dot technology [67, 68, 69]. Here qubits are realized
by the spins of the electrons in a system of quantum dots. The overlap
between the electron wave functions in different dots can be varied by
controlling parameters like gate voltages or magnetic fields, which change
the tunneling amplitudes of the electrons from one dot to the other. For
non-negligible overlaps, the entanglement between the qubits is then inti-
mately connected to the electron entanglement, which is essentially that of
indistinguishable fermions.
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Second problem is to define separable (and hence entangled) states. For
N-qubits, the state space is the tensor product of state-spaces of individual
qubits. A N-qubits pure state is separable if it can be expressed as tensor
product of individual qubit states [58, 63]. For indistinguishable parti-
cles all physical states reside in the subspace of the tensor product state
space, having appropriate symmetry (antisymmetric (symmetric) subspace
for fermions (bosons)) [59, 72]. This subspace cannot be expressed as the
tensor product of the state spaces of individual particles. Thus the usual
definitions of separable states cannot be implemented here. a way out is to
view N-particle state as separable if its Fock space representation contains
a single term
|n1, n2, ...〉 =
∏
i
1
(ni!)
1
2
(
a†i
)ni |0〉 (1.14)
where ai(a
†
i) annihilates (creates) a particle with individual particle state
|ψi〉. This is often expressed by saying that the state |ψ〉 has slater number
1. Note that the separable state of two indistinguishable fermions namely,
a†i |0〉 is given, in the first quantized version, as
1√
2
{|10〉 − |10〉}
when viewed as a two qubit state, this is a maximally entangle state!
However, as a two fermion state, this apparent entanglement comes about
only as a consequence of the anti symmetrization requirement. such an
apparent “entanglement” (i.e. the corresponding correlations ) cannot be
used as a resource in a quantum information processing or quantum com-
munication task. If this was possible, then the results of a local measure-
ment on a fermion will be affected by the existence of identical fermions in
the universe, which is not true.
Additional correlations in many-fermion systems arise if more than one
terms occur in Eq. (1.14) that is, if the Slater number for the state exceeds
one. i.e., if there is no single-particle basis such that a given state of N indis-
tinguishable fermions can be represented as an elementary Slater determi-
nant (i.e., fully antisymmetric combination of N orthogonal single-particle
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states). These correlations are the analog of quantum entanglement in sep-
arated systems and are essential for quantum information processing in non
separated systems. As an example consider a “swap” process exchanging
the spin states of electrons on coupled quantum dots by gating the tunnel-
ing amplitude between them [68, 73]. Before the gate is turned on, the two
electrons in the neighboring quantum dots are in a state represented by
a simple Slater determinant and can be regarded as distinguishable since
they are separated by a large energy barrier. When the barrier is lowered,
more complex correlations between the electrons due to the dynamics arise.
Interestingly, as shown in Refs. [68, 73], during such a process the system
must necessarily enter a highly correlated state that cannot be represented
by a single Slater determinant. The final state of the gate operation, how-
ever, is, similarly as the initial one, essentially given by a single Slater
determinant. Moreover, by adjusting the gating time appropriately one
can also perform a “square root of a swap” which turns a single Slater de-
terminant into a “maximally” correlated state in much the same way [73].
At the end of such a process the electrons can again be viewed as effectively
distinguishable, but are in a maximally entangled state in the usual sense
of distinguishable separated particles. In this sense the highly correlated
intermediate state can be viewed as a resource for the production of en-
tangled states. We expect that similar scenarios apply to other schemes
of quantum information processing that involve cold particles (bosons or
fermions) interacting at microscopic distances at which the quantum statis-
tics becomes essential. For instance, it should be of relevance for quantum
computing models employing ultra cold atoms in optical lattices [74] or
ultra cold atoms in arrays of optical micro traps [75].
A possible way to model and quantify entanglement in the system of
N identical and indistinguishable fermions is to map the corresponding
Fock space to an isomorphic N -qubit space and measure and monitor the
N-fermion entanglement in terms of that on the mapped N -qubit space.
This way was suggested and used by Zanardi [58]. We use this approach
to clarify the above problems and establish a quantitative measure for the
entanglement in N-fermion systems. We emphasize that our measure can
deal with multi-partite entanglement in N-fermion systems; an area almost
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untouched until now.
Entanglement in fermionic systems has myriads of applications in the
area of quantum devices and is also expected to play a fundamental role in
many physical phenomena like quantum phase transitions, quantum Hall
effect, and so on [70, 71], involving many-body quantum systems.
1.6 Quantum discord
Entanglement in a quantum state of a multipartite quantum system is
a fundamental paradigm to isolate and understand quantum correlation
implied by the state. For pure states and a large class of mixed states, en-
tanglement corresponds to the non-local quantum correlations which break
Bell inequalities. However, quantum correlations breaking Bell inequalities
need not account for all quantum correlations in a composite quantum sys-
tem in a given state. In order to account for the quantum correlation in a
given state, we must find some means to divide the total correlation into
a classical part and a purely quantum part. This is particularly important
for mixed states, since their quantum correlations are many a time hidden
by their classical correlations (CC). An answer to this requirement is given
by quantum discord (QD), a measure of the quantumness of correlations
introduced in Ref. [76]. Quantum discord is built on the fact that two
classically equivalent ways of defining the mutual information turn out to
be inequivalent in the quantum domain. In addition to its conceptual role,
some recent results [77], suggest that quantum discord and not entangle-
ment may be responsible for the efficiency of a mixed state based quantum
computer.
The idea is to take advantage of the observation that in pursuing quan-
tum analogs of classical notions, equivalent classical expressions often lead
to different quantum analogs due to non commutativity of operators which
represent quantum states and observables, and this difference can be ex-
ploited to characterize and quantify the “quantumness” of an object. In
particular, Olliver and Zurek defined quantum discord, as the difference of
two natural quantum extensions of the classical mutual information, and
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exhibited its applications in revealing quantum aspect of correlations in
bipartite states including separable ones. The quantum discord is further
used by Zurek in analyzing Maxwells demons [78]. A closely related and
important quantity has also been introduced by Henderson and Vedral
from a different perspective [79]. Other similar quantities with the same
spirit have been extensively studied by Horodecki et al. [80].
Correlations between two random variables of classical systems A and B
are in information theory quantified by the mutual information I(A : B) =
H(A)+H(B)−H(A,B). If A and B are classical systems, thenH(.) stands
for the Shannon entropy H(p) = −∑i pi log2 pi, where p = (p1, p2, ...), is
the probability distribution vector, while H(., .) is the Shannon entropy
of the joint probability distribution pij. For quantum systems A and B,
functionH(.) denotes the von Neumann entropy S(ρ) = −Trρ log2 ρ, where
ρ is the density matrix. In the classical case, we can use the Bayes rule
and find an equivalent expression for the mutual information I(A : B) =
H(A)−H(A|B), where H(A|B) is the Shannon entropy of A conditioned
on the measurement outcome on B. For quantum systems, this quantity
is different from the first expression for the mutual information and the
difference defines the quantum discord. Consider a quantum composite
system defined by the Hilbert spaceHAB = HA⊗HB. Let dimensions of the
local Hilbert spaces be dimHA = dA and dimHB = dB, while dimHAB =
dAB. Given a state ρ (density matrix) of a composite system, the total
amount of correlations is quantified by quantum mutual information [81]:
I (ρ) = S (ρA) + S (ρB)− S (ρ) (1.15)
where S (ρ) is the von Neumann entropy and ρA,B = TrB,A (ρ) are reduced
density matrices. A generalization of the classical conditional entropy is
S
(
ρB|A
)
, where ρB|A is the state of B given a measurement on A.By opti-
mizing over all possible measurements in A, we define an alternative version
of the mutual information
Q (ρ) = S (ρB)−min{Ek}
∑
k
pkS
(
ρB|A
)
(1.16)
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where ρB|A = TrA (Ek ⊗ IBρ) /Tr (Ek ⊗ IBρ) is the state of B conditioned
on outcome k in A, and EA represents the set of positive operator valued
measure elements. The discrepancy between the two measures of informa-
tion defines the quantum discord [76, 79]:
DA (ρ) = I (ρ)−Q (ρ) (1.17)
The discord is always non-negative [76] and reaches zero for the classi-
cally correlated states [79]. Note that discord is not a symmetric quantity
DA (ρ) 6= DB (ρ) and DA (ρ) refers to the “left” discord, while DB (ρ) refers
to the “right” discord. The state ρ for which DA (ρ) = DB (ρ) = 0 is com-
pletely classically correlated in the sense of [82, 84]. In this thesis, when we
refer to the discord we mean the “left” discord DA (ρ). To give an exam-
ple of a state with nonvanishing discord, consider the two-qubit separable
state in which four nonorthogonal states of one qubit are correlated with
four nonorthogonal states of the second qubit:
1
4
(|0〉 〈0| ⊗ |+〉 〈+|+ |1〉 〈1| ⊗ |−〉 〈−|+ |+〉 〈+| ⊗ |1〉 〈1|+ |−〉 〈−| ⊗ |0〉 〈0|)
(1.18)
Unlike the state above, one can show that the state (ρ) is of zero discord
if and only if there exists a von Neumann measurement Πk = |ψk〉 〈ψk| such
that [85] ∑
k
(Πk ⊗ IB) ρ (Πk ⊗ IB) (1.19)
In other words, the zero-discord state is of the form
∑
k pk |ψk〉 〈ψk|⊗ρk,
where |ψk〉 is some orthonormal basis set, ρk are the quantum states in B,
and pk are nonnegative numbers such that
∑
k pk = 1.
Easily implementable necessary and sufficient condition [83]. Let us
choose basis sets in local Hilbert-Schmidt spaces of Hermitian operators,
An and Bn where n = 1, ..., d
2
A and m = 1, ..., d
2
B. We decompose the state
ρ of the composite system into ρ =
∑
nm rnmAn⊗Bm. The coefficients rnm
define d2A×d2A real matrix R, which we call the correlation matrix. We can
find its singular value decomposition (SVD), URW T = diag[c1, c2, ...] where
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U and W are d2A× d2A and d2B × d2B orthogonal matrices, respectively, while
diag[c1, c2, ...] is d
2
A×d2B diagonal matrix. SVD defines the new basis in local
spaces Sn =
∑
n´ Unn´An´ and Fm =
∑
m´Wmm´Bm´. The state ρ in the new
basis is of the form ρ =
∑L
n=1 cnSn ⊗ Fn, where L = rankR is the rank of
correlationmatrix R (the number of nonzero eigenvalues cn). The necessary
and sufficient condition Eq. (1.19) becomes
∑L
n=1 cn (
∑
k ΠkSnΠk)⊗ Fn =∑L
n=1 cnSn ⊗ Fn and it is equivalent to the set of conditions:∑
k
ΠkSnΠk = Sn, n = 1, ..., L, (1.20)
or equivalently [Sn,Πk] = 0; for all k, n. This means that the set of
operators Sn has a common eigenbasis defined by the set of projectors Πk.
Therefore, the set Πk exists if and only if
[Sn, Sm] = 0, n,m = 1, ..., L. (1.21)
In order to show zero discord we have to check at most L(L − 1)/2
commutators, where L = rankR ≤ min{d2A, d2B}. Now, recall that the
state of zero discord is of the form ρ =
∑dA
k=1 pkΠk ⊗ ρk; therefore, it is
a sum of at most dA product operators. This bounds the rank of the
correlation tensor to L ≤ dA. Thus, the rank of the correlation tensor is
the simple discord witness: If L > dA, the state has a nonzero discord.
A correlation matrix can be obtained directly by simple measurements
usually involved in quantum state tomography. However, the detection of
nonzero discord does not necessarily require measurement of all (dAdB)
2
elements of the correlation matrix (full state tomography). It is sufficient
that the experimentalist measures that many elements of the correlation
matrix until he finds dA + 1 linearly independent rows (or columns) of the
correlation matrix.
Geometric measure of discord [83]. Evaluation of quantum discord given
by Eq. (1.17) in general requires considerable numerical minimization.
Different measures of quantum discord [87] and their extensions to multi-
partite systems [84] have been proposed. However, analytical expression
are known only for certain classes of states [86]. Here we use the following
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geometric measure, proposed in Ref. [83].
D
(2)
A (ρ) = min
χ∈Ω0
‖ρ− χ‖2 , (1.22)
where Ω0 denotes the set of zero-discord states and is the square norm in
the ‖X − Y ‖2 = Tr (X − Y )2 Hilbert-Schmidt space and χ denotes the
classical state. We will show how to evaluate this quantity for an arbitrary
two-qubit state.
Two-qubit case [83]: Consider the case HA = HB = C. We write a state
ρ in Bloch representation
ρ =
1
4
(
I ⊗ I +
3∑
i=1
xiσi ⊗ I +
3∑
i=1
yiI ⊗ σi +
3∑
i,j=1
Tijσi ⊗ σj
)
(1.23)
where xi = Trρ (σi ⊗ I), yi = Trρ (I ⊗ σi) are component of the local
Bloch vectors, Tij = Trρ (σi ⊗ σj) are component of the correlation tensor,
and σi, i ∈ [1, 2, 3], are the three Pauli matrices. To each state ρ we asso-
ciate the triple {~x, ~y, T}. Now, we characterize the set Ω0. A zero discord
state is of the form χ = p1 |ψ1〉 〈ψ1|⊗ρ1+p2 |ψ2〉 〈ψ2|⊗ρ2, where {|ψ1〉 , |ψ2〉}
is a single-qubit orthonormal basis, ρ1,2 are 2×2 density matrices, and p1,2
are non-negative numbers such that p1 + p2 = 1.
We definet = p1 − p2 and three vectors
~e = 〈ψ1 |~σ|ψ1〉 . (1.24)
~s± = Tr (p1ρ1 ± p2ρ2)~σ. (1.25)
It can easily be shown that t~e and ~s+ represent the local Bloch vec-
tors of the first and second qubit, respectively,while the vector ~s− is di-
rectly related to the correlation tensor which is of the product form T =
~e~sT−. Therefore, a state of zero discord χ has Bloch representation ~χ ={
t~e, ~s+, T = ~e~s
T
−
}
, where ‖~e‖ = 1, ‖~s±‖ ≤ 1, and t ∈ [−1, 1]. The distance
between state ρ and χ
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‖ρ− χ‖2 = ‖ρ‖2 − 2Trρχ+ ‖χ‖2 (1.26)
=
1
4
(
1 + ‖~x‖2 + ‖~y‖2 + ‖T‖2
)
−1
2
(1 + t~x~e+ ~y ~s+ + ~eT~s−)
+
1
4
(
1 + t2 + ‖~s+‖2 + ‖~s−‖2
)
where ‖T‖2 = TrT TT . First, we optimize the distance over parameters
t and ~spm. It is straightforward to see that its Hessian is a positive and
nonsingular matrix. Therefore, the function has a unique global minimum.
The minimum occurs when the derivative is zero:
‖ρ− χ‖2
∂t
=
1
2
(−~x~e+ t) = 0. (1.27)
‖ρ− χ‖2
∂~s+
=
1
2
(−~y~e+ ~s+) = 0. (1.28)
‖ρ− χ‖2
∂~s−
=
1
2
(−T T~e+ ~s−) = 0. (1.29)
which gives the solution t = ~x~e, ~s− = ~y, ~s+ = T T~e. Since the solution
lies within the range of parameter, |~x~e| , ‖~y‖ , ∥∥T T~e∥∥ ≤ 1, it represents the
global minimum. After substituting the solution we obtain
‖ρ− χ‖2 = 1
4
[
‖~x‖2 + ‖T‖2 − ~e (~x~xT + TT T)~e] , (1.30)
which attains the minimum when ~e is an eigenvector of matrix K = ~x~xT +
TT T for the largest eigenvalue. Therefore, we have
D
(2)
A (ρ) =
1
4
(
‖~x‖2 + ‖T‖2 − kmax
)
(1.31)
where kmax is the largest eigenvalue of matrix K = ~x~x
T + TT T .
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1.7 Bloch Representation
Throughout this thesis we use the geometric approach to a density matrix
via its Bloch representation. The determination of a state on the basis of
the actual measurement (experimental data) is important both for experi-
mentalists and theoreticians. In classical physics, it is trivial because there
is a one-to-one correspondence between the state and the actual measure-
ment. On the other hand, in quantum mechanics, where a density matrix
is used to describe the state, it is generally nontrivial to connect them
[5, 88, 89, 90, 91]. the Bloch representation of the density matrix can
be constructed experimently giving the required connection between the
density matrix and experiments.
N -level quantum states are described by density operators, i.e. unit
trace Hermitian positive semidefinite linear operators, which act on the
Hilbert space H ≃ CN . The Hermitian operators acting on H constitute a
Hilbert space themselves, the so-called Hilbert-Schmidt space denoted by
HS(H), with inner product (ρ, σ)HS = Tr(ρ†σ). Accordingly, the density
operators can be expanded by any basis of this space. In particular, we can
choose to expand ρ in terms of the identity operator IN and the traceless
Hermitian generators of SU(N) λi (i = 1, 2, · · · , N2 − 1),
ρ =
1
N
(IN +
N2−1∑
i=1
riλi). (1.32)
The generators of SU(N) satisfy the orthogonality relation
(λi, λj)HS = Tr(λiλj) = 2δij, (1.33)
and they are characterized by the structure constants of the corresponding
Lie algebra, fijk and gijk, which are, respectively, completely antisymmetric
and completely symmetric,
λiλj =
2
N
δijIN + ifijkλk + gijkλk. (1.34)
The generators can be easily constructed from any orthonormal basis
{|j〉}N−1j=0 in H [92]. The (orthogonal) generators are given by
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{λi}N2−1i=1 = {ujk, vjk, wl}, (1.35)
when i = 1, · · · , N − 1
λi = wl =
√
2
l(l + 1)
l∑
j=1
(|j〉〈j| − l|l + 1〉〈l + 1|), 1 ≤ l ≤ N − 1, (1.36)
while for i = N, · · · , (N + 2)(N − 1)/2
λi = ujk = |j〉〈k| + |k〉〈j|,
and for i = N(N + 1)/2, · · · , N2 − 1
λi = vjk = −i(|j〉〈k| − |k〉〈j|),
1 ≤ j ≤ k ≤ N.
The orthogonality relation Eq. (1.33) implies that the coefficients in Eq.
(1.32) are given by
ri =
N
2
Tr(ρλi).
Notice that the coefficient of IN is fixed due to the unit trace condition.
The vector r = (r1r2 · · · rN2−1)t ∈ RN2−1, which completely characterizes
the density operator, is called Bloch vector or coherence vector. The rep-
resentation Eq. (1.32) was introduced by Bloch [93] in the N = 2 case and
generalized to arbitrary dimensions in [92]. Any density matrix in two-level
systems turns out to be characterized uniquely by a three-dimensional real
vector where the length satisfies
|λ| ≡
√
λiλi ≤ 1. (1.37)
Therefore, if we define the Bloch-vector space B(R3) as a ball with
radius 1:
B(R3) = {λ = (λ1, λ2, λ3) ∈ R3 : |λ| ≤ 1},
its element gives an equivalent description of the density matrix with the
following bijection (one-to-one and onto) map from B(R3) to the set of
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density matrices.
λ −→ ρ = 1
2
I2 +
1
2
λiσi
B(R3) is called the Bloch ball, its surface the Bloch sphere and its element
the Bloch vector. The equality in Eq. (1.37) (i.e., |λ| = 1), the surface of
the ball (the Bloch sphere) which constitutes the set of extreme points of
Bloch ball, corresponds to the set of pure states, the points interior to the
Bloch ball correspond to mixed states. It has an interesting appeal from
the experimentalist point of view, since in this way it becomes clear how
the density operator can be constructed from the expectation values of the
operators λi,
〈λi〉 = Tr(ρλi) = 2
N
ri. (1.38)
As we have seen, every density operator admits a representation as in
Eq. (1.32); however, the converse is not true. A matrix of the form Eq.
(1.32) is of unit trace and Hermitian, but it might not be positive semidef-
inite, so to guarantee this property further restrictions must be added to
the coherence vector. The set of all the Bloch vectors that constitute a
density operator is known as the Bloch-vector space B(RN
2−1). from above
discussion it is known that in the case N = 2 this space equals the unit ball
in R3 and pure states are represented by vectors on the unit sphere. The
problem of determining B(RN
2−1) when N ≥ 3 is still open and a subject
of current research [94]. However, many of its properties are known. For
instance, for pure states (ρ2 = ρ) it must hold
||r||2 =
√
N(N − 1)
2
, rirjgijk = (N − 2)rk, (1.39)
where ||.||2 is the Euclidean norm on RN2−1. In the case of mixed states,
the conditions that the coherence vector must satisfy in order to represent a
density operator have been recently provided in [95, 96]. Regretfully, their
mathematical expression is rather cumbersome. It is also known [97, 98]
that B(RN
2−1) is a subset of the ball DR(RN
2−1) of radius R =
√
N(N−1)
2 ,
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which is the minimum ball containing it, and that the ball Dr(R
N2−1) of
radius r =
√
N
2(N−1) is included in B(R
N2−1). that is,
Dr(R
N2−1) ⊂ B(RN2−1) ⊂ DR(RN2−1). (1.40)
In the case of bipartite quantum systems of dimensions M × N (H ≃
CM⊗CN) composed of subsystems A and B, we can analogously represent
the density operators as
ρ =
1
MN
(IM ⊗ IN +
∑
i
riλi ⊗ IN +
∑
j
sjIM ⊗ λ˜j +
∑
ij
λi ⊗ λ˜j), (1.41)
where λi (λ˜j) are the generators of SU(M) (SU(N)). Notice that r ∈
RM
2−1 and s ∈ RN2−1 are the coherence vectors of the subsystems, so that
they can be determined locally,
ρA = TrBρ =
1
M
(IM +
∑
i
riλi), ρB = TrAρ =
1
N
(IN +
∑
i
siλ˜i). (1.42)
The coefficients tij, responsible for the possible correlations, form the
real matrix T ∈ R(M2 − 1)× (N2 − 1), and, as before, they can be easily
obtained by tij =
MN
4
Tr(ρλi ⊗ λ˜j) = MN4 〈λi ⊗ λ˜j〉.
1.8 Chapterwise Summary
This thesis is concerned with: (a) Production of genuine multipartite entan-
glement quantum systems (> 2 qubits) as well as bipartite entangled quan-
tum systems (2 qubits and qutrits). (b) Quantification of both bipartite
entanglement and genuine multipartite entanglement for indistinguishable
spin fermions. (c) Thermal quantum discord and classical correlations in
a two qubit XX model (Heisenberg chain) in a non-uniform external mag-
netic field. (d) Finding a geometric measure of quantum discord for an
arbitrary state of a bipartite quantum system. The chapters are arranged
as follows :
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Chapter 2 : In this chapter,we develop a geometric approach to quan-
tify the capability of creating entanglement for a general physical inter-
action acting on two qubits, two qutrits and three qubits. We use the
entanglement measure proposed by A. S. Hassan and P. S. Joag for N -
qubit pure states (Phys. Rev. A 77, 062334 (2008)). This geometric
method has the distinct advantage that it gives the experimentally im-
plementable criteria to ensure the optimal entanglement production rate
without requiring a detailed knowledge of the state of the two qubit sys-
tem. For the production of entanglement in practice, we need criteria for
optimal entanglement production which can be checked in situ without any
need to know the state, as experimentally finding out the state of a quan-
tum system is generally a formidable task. Further, we use our method
to quantify the entanglement capacity in higher level and multipartite sys-
tems. We quantify the entanglement capacity for two qutrits and find
the maximal entanglement generation rate and the corresponding state for
the general isotropic interaction between qutrits, using the entanglement
measure of N -qudit pure states proposed by A. S. Hassan and P. S. Joag
(Phys. Rev. A 80, 042302 (2009)). Next we quantify the genuine three
qubit entanglement capacity for a general interaction between qubits. We
obtain the maximum entanglement generation rate and the corresponding
three qubit state for a general isotropic interaction between qubits. The
state maximizing the entanglement generation rate is of the GHZ class. To
the best of our knowledge, the entanglement capacities for two qutrit and
three qubit systems have not been reported earlier.
Chapter 3 : This chapter reports our work on multipartite entangle-
ment in a system consisting of indistinguishable fermions. Specifically, we
have proposed a geometric entanglement measure for N spin-1
2
fermions
distributed over 2L modes (single particle states). The measure is defined
on the 2L qubit space isomorphic to the Fock space for 2L single particle
states. This entanglement measure is defined for a given partition of 2L
modes containing m ≥ 2 subsets. Thus this measure applies to m ≤ 2L
partite fermionic system where L is any finite number, giving the number of
sites. The Hilbert spaces associated with these subsets may have different
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dimensions. Further, we have defined the local quantum operations with
respect to a given partition of modes. This definition is generic and unifies
different ways of dividing a fermionic system into subsystems. We have
shown, using a representative case, that the geometric measure is invari-
ant under local unitaries corresponding to a given partition. We explicitly
demonstrate the use of the measure to calculate multipartite entanglement
in some correlated electron systems. To the best of our knowledge, there is
no usable entanglement measure of m > 3 partite fermionic systems in the
literature, so that this is the first measure of multipartite entanglement for
fermionic systems going beyond the bipartite and tripartite cases.
Chapter 4 : In this chapter,we investigate how thermal quantum dis-
cord (QD) and classical correlations (CC) of a two qubit one-dimensional
XX Heisenberg chain in thermal equilibrium depend on temperature of
the bath as well as on nonuniform external magnetic fields applied to two
qubits and varied separately. We show that the behavior of QD differs
in many unexpected ways from thermal entanglement (EOF ). For the
nonuniform case, (B1 = −B2) we find that QD and CC are equal for all
values of (B1 = −B2) and for different temperatures. We show that, in
this case, the thermal states of the system belong to a class of mixed states
and satisfy certain conditions under which QD and CC are equal. The
specification of this class and the corresponding conditions are completely
general and apply to any quantum system in a state in this class and sat-
isfying these conditions. We further find that the relative contributions of
QD and CC can be controlled easily by changing the relative magnitudes
of B1 and B2. Finally, we connect our results with the monogamy relations
between the EOF, classical correlations and the quantum discord of two
qubits and the environment.
Chapter 5 : Quantum discord, as introduced by Olliver and Zurek
[Phys. Rev. Lett. 88, 017901 (2001)], is a measure of the discrepancy be-
tween quantum versions of two classically equivalent expressions for mutual
information. Dakic, Vedral, and Brukner [Phys. Rev. Lett. 105, 190502
(2010)] introduced a geometric measure of quantum discord and derived
an explicit formula for any two-qubit state. Luo and Fu [Phys. Rev. A 82,
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034302 (2010)] introduced another (equivalent) form for geometric measure
of quantum discord. We find an exact formula for the geometric measure
of quantum discord for an arbitrary state of a m × n bipartite quantum
system, using the form for geometric measure of quantum discord given by
Luo and Wu.
Chapter 6 : In this chapter, we summarize the work presented in this
thesis and give the possible ways in which this work may be developed
further.
Chapter 2
Entanglement capacity of nonlocal
Hamiltonians: A geometric approach
Yoga Sutras of Patanjali
Creativity of such a person gets one with the universal creation, transcending all limitations of an
individual.
In this chapter, We develop a geometric approach to quantify the capa-
bility of creating entanglement for a general physical interaction acting on
two qubits. We use the geometric entanglement measure for N-qubit pure
states [99]. This geometric method has the distinct advantage that it gives
the experimentally implementable criteria to ensure the optimal entangle-
ment production rate without requiring a detailed knowledge of the state of
the two qubit system. For the production of entanglement in practice, we
need criteria for optimal entanglement production, which can be checked
in situ without any need to know the state, as experimentally finding out
the state of a quantum system is generally a formidable task. Further,
we use our method to quantify the entanglement capacity in higher level
and multipartite systems. We quantify the entanglement capacity for two
qutrits and find the maximal entanglement generation rate and the corre-
sponding state for the general isotropic interaction between qutrits, using
the entanglement measure of N-qudit pure states [100]. Next we quantify
the genuine three qubit entanglement capacity for a general interaction
between qubits. We obtain the maximum entanglement generation rate
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and the corresponding three qubit state for a general isotropic interaction
between qubits. The state maximizing the entanglement generation rate
is of the Greenberger-Horne-Zeilinger class. To the best of our knowledge,
the entanglement capacities for two qutrit and three qubit systems have
not been reported earlier.
We have already seen in chap.1 that a quantum system evolves to gen-
erate entanglement provided its parts interact. For such an interaction,
the Hamiltonian of the total system is not just a sum of the Hamiltonians
pertaining to each part (local Hamiltonians). Thus, for a bipartite system
AB, HAB 6= HA +HB but has a term which couples the two parts A and
B. Together with local operations, this coupling can be used to generate
entanglement [42, 101, 44], to transmit classical and quantum information
[101, 45, 102, 103] and more generally, to simulate the dynamics of some
other Hamiltonian (say H ′AB) and thus to perform arbitrary unitary gates
on the composite space HAB = HA ⊗HB [48, 104, 49].
A lot of experimental work is devoted to creating entangled states of
quantum systems, including those in quantum optics, nuclear magnetic
resonance and condensed matter physics [50]. Determining the ability of a
system to create entangled states provides a benchmark of the “quantum-
ness” of the system. Furthermore, such states can ultimately be put to
some information processing task like superdense coding [13], or quantum
teleportation [105].
The theory of optimal entanglement generation can be approached in
different ways. Ref. [42] considers single shot capacities. For two qubit
interaction, without any ancilla qubits, Ref.[42] presents a closed form ex-
pression for the entangling capability and optimal protocols by which it
can be achieved. In contrast, Ref.[101] considers the asymptotic entangle-
ment capacity, allowing the use of ancillary systems and shows that when
ancillas are allowed, the single shot and asymptotic capacities are in fact
the same. However, such capacities are difficult to calculate because the
ancillary systems may be arbitrarily large. In this chapter we exclusively
deal with the single shot entanglement capacity. Throughout this chapter,
we take ~ = 1.
The chapter is organized as follows. In section 2.1 we deal with entan-
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glement capacity for two qubit states while in section 2.2 we deal with this
problem involving two qutrits. In section 2.3 we address the problem of
the entanglement capacity involving the genuine tripartite entanglement
for three qubits. The discussion of the results for two qubit, two qutrit
and three qubit cases is included separately in sections 2.1, 2.2 and 2.3
respectively.
2.1 The two qubit case
We develop a geometric approach to calculate the entanglement capacity
of any two qubit system ( for the case of pure state) interacting via a
Hamiltonian which is locally equivalent to
HI = µ1σ
A
1 ⊗ σB1 + µ2σA2 ⊗ σB2 + µ3σA3 ⊗ σB3 . (2.1)
Here µ1 ≥ µ2 ≥ µ3. In this section we omit qubit and system identifiers
A,B and AB.
We define the single shot entanglement capacity by
Γmax = max
|ψ〉∈HI
lim
t→0
E
(
e−iHt|ψ〉
)
− E(|ψ〉)
t
. (2.2)
The Hamiltonian HI in Eq. (2.2) is given by Eq. (2.1). E(|ψ〉) in Eq.
(2.2) stands for the two qubit pure state entanglement measure given by
us and is shown to have all the essential (as well as many desirable, e.g.,
superadditivity and continuity) properties expected of a good entanglement
measure [99]. For a N -qubit pure state |ψ〉,
E(|ψ〉) = ||T (N)|| − 1
where ||T (N)|| is the Hilbert-Schmidt (Euclidean) norm of the N way array
T (N) occurring in the Bloch representation of |ψ〉〈ψ| [99, 106].
The scenario we address, is as follows [42]. The idea is to supplement
the interaction Hamiltonian HI with appropriate local unitary operations
in such a way that the state of the qubits at any time t is precisely |ψE(t)〉,
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for which the increase of entanglement is optimal. In order to construct
such a procedure, we consider the evolution given by HI to proceed in
very small time steps δt. Let us also assume that the qubits are initially
disentangled. Using local operations, we can always prepare the state
|ψ0〉 that is, the product state which most efficiently becomes entangled
under the action of HI . After a time step δt, the state will change and
its entanglement will increase to δE. Then, we use (fast) local unitary
operations to transform the new state of the qubits into the state |ψδE〉 for
which Γ is optimal. Note that this is always possible, since for qubits all
states with the same value of E, say δE, are connected by local unitary
transformations. By proceeding in the same way after every time step,
and taking the continuous time limit δt → 0, we obtain that the state
of the qubits at time t is always the optimal one, |ψE(t)〉. Obviously, in
an experimental realization, this procedure requires that we can apply the
appropriate local transformations in times which are short compared to
the typical time scale τHI associated with HI , τH = (emax− emin)−1, where
emax and emin are the maximum and minimum eigenvalues ofHI . Note that
Eq. (2.2) defines the entanglement capacity as the maximum achievable
entanglement rate for a given system with given interactions. We are also
interested in finding the state |ψmax〉 for which the entanglement rate is
maximum, (denoted by Γmax in Eq. (2.2)).
We consider two qubits interacting via the HamiltonianHI in Eq. (2.1),
which represents general interaction between two qubits [42]. First we find
the entanglement rate Γ given by
Γ = lim
t→0

E
(
e−iHt|ψ〉
)
− E(|ψ〉)
t

 ≡ dE
dt
. (2.3)
Here |ψ〉 is given by a general two qubit state in the Bloch representation
[99, 106],
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ρ = |ψ〉〈ψ| = 1
4

I ⊗ I +∑
k
rkσk ⊗ I +
∑
l
slI ⊗ σl +
∑
k,l
τklσk ⊗ σl

 ,
(2.4)
where σk,l, k, l = 1, 2, 3 are the Pauli operators. We denote by T = [τij] the
correlation matrix occurring in the last term of Eq. (2.4). τij are defined
by
τij = Tr(σi ⊗ σjρ) = 〈ψ|σi ⊗ σj|ψ〉. (2.5)
rk and sl are the components of the Bloch vectors [106] of the reduced
density operators ρA and ρB respectively, given by
rk = Tr(σkρA) = 〈ψ|σk ⊗ I|ψ〉, (a) (2.6)
sl = Tr(σlρB) = 〈ψ|I ⊗ σl|ψ〉. (b)
We define the entanglement of the state |ψ〉 as [99]
E(|ψ〉) = ||T || − 1, (2.7)
where ||T || =
√∑3
ij=1 τ
2
ij is the Euclidean norm of T . For two qubits,
this measure is related to concurrence [99] and hence to the Von Neumann
entropy of the reduced density matrix.
After finding Γ we maximize it, using a simple geometric argument. It
is heartening to see that the scenario described above emerges naturally
out of this geometric method.
The entanglement rate Γ is given by (See Eq. (2.3))
Γ =
dE
dt
=
d||T ||
dt
=
1
||T ||
∑
ij
τij τ˙ij,
with τij given by Eq. (2.5). We evaluate τ˙ij as follows.
τ˙ij =
dτij
dt
=
d
dt
(Tr(σi ⊗ σjρ)) = Tr(σi ⊗ σj dρ
dt
).
34 2. Entanglement capacity of nonlocal Hamiltonians: A geometric approach
We now use the equation of motion ,
i
dρ
dt
= [HI , ρ],
where the Hamiltonian HI is defined via Eq. (2.1), to get [121],
dτij
dt
= −iT r(σi ⊗ σj[HI , ρ]) = iT r(HI [σi ⊗ σj, ρ]).
Substituting ρ from Eq. (2.4) and using the commutation relations [121]
[σi ⊗ σj, σk ⊗ σl] = 1
2
[σi, σk]⊗ {σj, σl}+ 1
2
{σi, σk} ⊗ [σj, σl],
we get, using [σi, σj] = 2iεijkσk, {σi, σj} = 2δij and the expression of HI in
Eq. (2.1), after a bit of algebra,
dτij
dt
= −2

∑
k,n
rkεiknµnδnj +
∑
l,n
slεjlnµnδni

 .
This gives
∑
ij
τij τ˙ij = −2

∑
i,k,n
τinrkεiknµn +
∑
j,k,n
τnjslεjlnµn

 .
Thus we get, for the entanglement rate Γ,
Γ =
2
||T ||
∑
n
[(~r × ~τ:n)n + (~s× ~τn:)n]µn. (2.8)
Here ~τ:n and ~τn: are, respectively, the n th column and row vectors of
the correlation matrix T = [τij].
The entanglement generation rate Γ expressed in Eq. (2.8) is obtained
via the temporal evolution of the initial state by the interaction Hamil-
tonian HI . This expression for Γ does not depend on any local unitary
transformation applied to a qubit. Following the general scenario described
above, (see the third paragraph of this section), we now lock on to an in-
stant of time and apply the local unitary transformations to qubits, in
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order to find the conditions for optimal Γ and the corresponding two qubit
state |ψE〉. The experimental meaning of this sentence is described as a
part of the scenario above. In the geometrical approach we have adopted,
local unitary transformations amount to rotations of vectors in Eq. (2.8),
which are the vectors in the Bloch space of individual qubits. We expect
the entanglement to remain unultered by the local unitaries, which turns
out to be the case. The entanglement measure in Eq. (2.7) is not affected
by local unitaries, as proved in [99].
Obviously, Γ will be maximum if the components of the vector prod-
ucts occurring in Eq. (2.8) are replaced by the magnitudes of these vector
products and the factors in these products are mutually perpendicular.
Geometrically, this means that the vector products themselves are in the
directions of the components occurring in Eq. (2.8) with the other two
orthogonal components zero. For example, (~r × ~τ:1) is along its first com-
ponent, i.e. along x axis, with its y and z components zero. Thus, in order
to maximize the first term in Eq. (2.8), namely,∑
n
(~r × ~τ:n)nµn = (~r × ~τ:1)1µ1 + (~r × ~τ:2)2µ2 + (~r × ~τ:3)3µ3,
we must have vectors (~r × ~τ:1), (~r × ~τ:2) and (~r × ~τ:3) along x, y, z axes
respectively. This can be done only when one of the vector products is
zero. Since µ1 ≥ µ2 ≥ µ3, we choose (~r×~τ:3) = 0. Given the vector (~r×~τ:1)
along the x axis and the vector (~r × ~τ:2) along the y axis, we can choose
~r to be along the z axis and vectors ~τ:1 and ~τ:2 along the y and x axes
respectively. In exactly the same way, maximization of the second term
in Eq. (2.8),
∑
n(~s × ~τn:)nµn, makes the vector ~s along the z axis and
vectors ~τ1: and ~τ2: along the y and x axes respectively. Writing explicitly
the components of the vector products in the expression for Γ (Eq. (2.8))
and putting r1,2 = 0 = s1,2 we get,
Γ =
2
||T ||((−r3τ21 − s3τ12)µ1 + (r3τ12 + s3τ21)µ2).
Since we are dealing with the two qubit pure states we have ||~r|| = ||~s||
[112], so that r3 = ±s3. Choosing
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r3 = −s3 (2.9)
we get,
Γ =
2
||T ||r3(τ12 − τ21)(µ1 + µ2).
The expression (τ12 − τ21) becomes maximum when
τ12 = −τ21. (2.10)
Finally, we note that this maximization procedure does not change
||T || =√∑n ||τ:n||2 and hence the entanglement value given by Eq. (2.7).
Further, choosing the cross products along their components appearing in
Eq. (2.8) corresponds to the rotations in Bloch space, generating local
unitaries on the system. Therefore, the maximum of Γ over the states with
same entanglement, that is, ΓE , is given by
ΓE =
4
||T ||r3τ12(µ1 + µ2). (2.11)
To get the state |ψE〉 corresponding to ΓE, we seek the state satisfying
conditions Eq. (2.9) and Eq. (2.10). We start with the general state
|ψ〉 =∑1i,j=0 cij|ij〉 and calculate τ12 and τ21. In order to satisfy Eq. (2.10),
the state |ψ〉 should be
|ψE〉 = |c01||01〉+ i|c10||10〉 ; |c01|2 + |c10|2 = 1, (2.12)
which is the same as |ψE〉 obtained in Ref [42] if we identify |c01| = √p.
Further, we can write ΓE (Eq. (2.11)) as the product of two factors
ΓE = f(p)hmax
with
hmax = (µ1 + µ2)
and
f(p) =
4r3τ12
||T || . (2.13)
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To get f(p) as a function of p, we calculate r3, τ12 and ||T || using the state
|ψE〉 (Eq. (2.12)) so that
f(p) =
4r3τ12
||T || =
8(1− 2p)√p(1− p)√
1 + 8p(1− p) .
Fig. (2.1a) depicts this f(p) verses p, while Fig. (2.1b) plots the analogous
f(p) obtained using Von Neumann entropy as the entanglement measure.
Note that f(p) and hence ΓE vanishes for the maximally entangled state
(p = 12) about which it is antisymmetric f(
1
2+x) = −f(12−x).We see that,
as p increases from 0 to 1
2
, ΓE > 0 makes the entanglement increase, until
is maximal at p = 12, after which Γ < 0, making entanglement decrease to
zero as p approaches 1.
Thus we see that, ΓE is the product of the function which depends
only on the state, (via p) and the factor hmax which depends only on the
interaction strengths µ1 and µ2, that is, on the interaction Hamiltonian.
Note that hmax is independent of the entanglement measure. The form
of f(p) for the entanglement measure in Eq. (2.7) and that for the Von
Neumann entropy, (Fig. (2.1b)) also turns out to be the same. To get Γmax
we have to find p0 at which f(p) is maximum. To do this, we invoke the
relation between fV N(p), which is the analog of f(p) in Eq. (2.1) obtained
via Von Neumann entropy of the reduced density operator of the two qubit
pure state [42] and f(p) in Eq. (2.1) obtained via E(|ψ〉) in Eq. (2.7). This
is
fV N(p) = f(p)
(
dEV N
dp
/dE
dp
)
, (2.14)
where EV N is the Von Neumann entropy of the reduced density operator
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Fig. (2.1a)
Fig. (2.1b)
Fig. (2.1): (a) f(p) vs. p for entanglement measure in Eq. (2.7) and (b) fV N(p) vs. p for
Von Neumann entropy of the reduced density matrix (see text).
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and E is given by Eq. (2.7). Maximizing the RHS of Eq. (2.14) we get
p0 ≈ 0.0832217 and Γmax ≈ 1.9123. The state |ψmax〉 corresponding to
Γmax is the state |ψE〉 with p = p0.
From the definitions of τij and rk(Eq. (2.5) and (2.6)), these quantities
are averages of the Pauli operators in a state |ψ〉, which can be obtained
using experimentally measured values of the corresponding operators on
two qubits. Therefore, the geometric method presented here has the ad-
vantage that the conditions for ΓE , Eqs. (1.9) and (1.10), can be tested
experimentally giving us an experimental way to check out whether the sys-
tem has reached the state |ψE〉. The value of ΓE can also be experimentally
estimated via Eq. (2.11), for given µ1 + µ2. Further, the function f(p) can
be estimated experimentally via Eq. (2.1) as the system evolves, under
the given Hamiltonian, toward |ψmax〉, or under the local unitaries toward
|ψE〉. These experimental estimations can be carried out without a detailed
a priori knowledge of the quantum state at any time during the evolution of
the two qubit system. These facts can be of great advantage in a practical
implementation of any scheme to entangle two qubits interacting via some
Hamiltonian or quantum gates [107]. For the production of entanglement
in practice, we need criteria for optimal entanglement production which
can be checked in situ without any need to know the state, as experimen-
tally finding out the state of a quantum system is generally a formidable
task. We note that, in order to achieve such an experimental determination
of optimal entanglement production rate using the model in ref [42], we
have to experimentally obtain the values of the Schmidt coefficients of the
evolving two qubit state, which requires the experimental determination
of the two qubit state itself. This requires more experimental effort and
resources (d + 1 different joint measurements, d = dimension of the joint
Hilbert space [108]) as compared to measuring the quantities in Eqs. (1.9)
and (1.10), which are simply the average values of the Pauli operators in
the state.
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2.2 The two qutrit case
The entanglement measure in Eq. (2.7) can be generalized to the N qu-
dit pure states which satisfies all the essential (and many desirable, e.g.,
superadditivity and continuity) properties expected of a good entangle-
ment measure [100]. Therefore, we can use it to obtain the entanglement
generation rates for the multipartite d level systems. Here we find the en-
tanglement generation rate for two qutrits (labeled A and B) interacting
via the Hamiltonian
HI =
8∑
p=1
µpλ
A
p ⊗ λBp , (2.15)
where µps are the interaction strengths satisfying µk ≥ µl for k < l, k, l =
1, . . . , 8. Here λp, p = 1, . . . , 8 are the generators of the SU(3) group
satisfying Tr(λiλj) = 2δij and are characterized by the structure constants
of the corresponding Lie algebra, fijk and gijk, which are, respectively,
completely antisymmetric and completely symmetric.
λiλj =
2
3
δijI3 + ifijkλk + gijkλk. (2.16)
Other useful relations are
4ifjkl = Tr([λi, λk]λl) (2.17)
4gikp = Tr({λi, λk}λp). (2.18)
We give here the generators of SU(3) in the |1〉, |2〉, |3〉 basis [121] to
be used below.
λ1 = |1〉〈2|+ |2〉〈1|
λ2 = −i(|1〉〈2| − |2〉〈1|)
λ3 = |1〉〈1| − |2〉〈2|
λ4 = |1〉〈3|+ |3〉〈1|
λ5 = −i(|1〉〈3| − |3〉〈1|)
λ6 = |2〉〈3|+ |3〉〈2|
λ7 = −i(|2〉〈3| − |3〉〈2|)
λ8 =
1√
3
(|1〉〈1|+ |2〉〈2| − 2|3〉〈3|).
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The action of these generators on the basis states {|1〉, |2〉, |3〉} is given
by the following.
λ1|1〉 = |2〉, λ1|2〉 = |1〉, λ1|3〉 = 0
λ2|1〉 = i|2〉, λ2|2〉 = −i|1〉, λ2|3〉 = 0
λ3|1〉 = |1〉, λ3|2〉 = −|2〉, λ3|3〉 = 0
λ4|1〉 = |3〉, λ4|2〉 = 0, λ4|3〉 = |1〉
λ5|1〉 = i|3〉, λ1|2〉 = 0, λ1|3〉 = −i|1〉
λ6|1〉 = 0, λ6|2〉 = |3〉, λ6|3〉 = |2〉
λ7|1〉 = 0, λ7|2〉 = i|3〉, λ7|3〉 = −i|2〉
λ8|1〉 = 1√3|1〉, λ8|2〉 = 1√3|2〉, λ8|3〉 = − 2√3|3〉.
We use these equations to get the vectors ~ΛA and ~ΛB in R8 whose com-
ponents are the averages ΛAi = 〈ψ|λi ⊗ I|ψ〉 = Tr(λi ⊗ Iρ), i = 1, . . . , 8
and ΛBi = 〈ψ|I ⊗λi|ψ〉 = Tr(I ⊗ λiρ), i = 1, . . . , 8 respectively, where |ψ〉,
(ρ = |ψ〉〈ψ|) is a two qutrit pure state (see Eq. (2.20) and the discussion
following it).
The pure state entanglement for two qutrits is given by [100],
E(|ψ〉) = ||T || − 3
where ||T || =
√∑8
ij=1 τ
2
ij is the Euclidean norm of T . The general two
qutrit pure state ρ has the following Bloch representation.
ρ = |ψ〉〈ψ|
=
1
9
(
IA ⊗ IB + 3
2
(∑
k
〈λAk 〉λAk ⊗ IB +
∑
l
〈λBl 〉IA ⊗ λBl
)
+
9
4
∑
k,l
τklλ
A
k ⊗ λBl
)
,
Here 〈λA,B〉 = Tr(ρA,BλA,B) with λA,B and ρA,B (the reduced density op-
erator) apply to the qutrit A and B respectively, while τkl = (9/4)Tr(λ
A
k ⊗
λBl ρ). The definitions of τ˙kl and Γ are
Γ =
1
||T ||
∑
ij
τij τ˙ij,
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τ˙ij = iT r(H[λi ⊗ λj, ρ]),
where we have used the Heisenberg equation of motion as in the two qubit
case. Using Eq. (2.16, (2.17), (2.18) and the elements of the tensors fijk
and gijk in [121], we get, after some algebra, the following expression for Γ
Γ = −3
(
1
||T ||
) 8∑
k,p,l=1
µpfklp
(
τkpλ
A
l + τpkλ
B
l
)
. (2.19)
Expanding the sum in Eq. (2.19) and rearranging, we get,
Γ = −3
(
1
||T ||
)∑
S
α(S)
∑
p∈S
µp[(~τ:p × ~λA)p + (~τp: × ~λB)p], (2.20)
where S runs over the triplets
(1, 4, 7), (2, 1, 6), (3, 1, 5), (3, 2, 4), (2, 5, 7), (3, 7, 6), (5, 4, 6), (3, 6, 8), (2, 5, 8)
and α(S) has values 1, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2,
√
3/2,
√
3/2 respectively
for these triplets. ~τ:p and ~τp: are the vectors in R
3 with p ∈ S where S is one
of the above triplets and the index : varies over a given S for fixed p. ~λA,B are
vectors in R3 respectively comprising the components of ~ΛA,B indexed by
one of the triplets S. There are in all 54 terms in Eq. (2.20). Unfortunately,
all these terms are coupled and a simple geometrical procedure to maximize
Γ, as in the two qubit case, seems very difficult. However, it is straightfor-
ward to maximize Γ numerically over the coefficients cij, i, j = 0, 1, 2, by
expressing all the terms in the expression for Γ (Eq. (2.20)) as averages
in the general two qutrit state |ψ〉 = ∑ij cij|ij〉, i, j = 0, 1, 2. We can
carry out the numerical maximization for the general Hamiltonian in Eq.
(2.15), where the strengths of interaction µk have different values. In that
case, Γ does not have the simple structure analogous to Γ = f(p)hmax as
in the two qubit case. Therefore, we assume isotropic interactions so that
all interaction strengths are equal to a common value µ. In this case, Γ has
a simple form
Γ = hmax(cij; i, j = 0, 1, 2)µ.
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Therefore, we maximize Γ assuming the isotropic interactions. The result
is
Γmax ≈ 3.90495µ
and the corresponding (normalized) state is given by
c00 = −0.28317 + i0.148948; c01 = −0.433055 + i0.382479
c02 = −0.117778 + i0.274948; c10 = 0.0625717− i0.144584
c11 = 0.102783− i0.0787094; c12 = −0.340939− i0.324717
c20 = 0.25066− i0.167261; c21 = 0.0344755− i0.244282
c22 = 0.227159− i0.088347.
After converting this state to the Schmidt canonical form we get the state
giving the maximal entanglement generating rate for two qutrits, under a
general isotropic interaction, as
|ψmax〉 = 0.884297|00〉+ 0.448838|11〉+ 0.128697|22〉.
We find that E(|ψmax〉) = 0.677882. This shows that, in order to increase
the entanglement of a two qutrit system in an optimal way, it is better
to start with an initially entangled state rather than a product state, at
least when all the interaction strengths in HI (Eq. (2.15)) are equal. We
also note that the optimal entanglement E(|ψmax〉) is independent of HI ,
provided, again, that all interaction strengths in HI (Eq. (2.15)) are equal.
2.3 The three qubit case
We now deal with the problem of entanglement generation capacity for
three qubits. We emphasize that this is the capacity to generate genuine
three qubit entanglement and not the bipartite entanglement between any
two parts of the three qubit system. In this case also, the entanglement
measure given by Eq. (2.7) can be used as this entanglement measure ap-
plies to N -qubit pure states and has all the essential (and many desirable,
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eg superadditivity and continuity) properties expected of a good entangle-
ment measure [99]. For the three qubit case, τ in Eq. (2.7) is the three
qubit correlation tensor appearing in the Bloch representation of the state.
Here τ is a three way array while for two qubits τ was a matrix. The Bloch
representation of a general three qubit pure state is
ρ = |ψ〉〈ψ| = 1
8
(
I ⊗ I ⊗ I +
∑
l
rlσl ⊗ I ⊗ I
+
∑
n
snI ⊗ σn ⊗ I +
∑
m
qmI ⊗ I ⊗ σm
+
∑
ln
t
(AB)
ln σl ⊗ σn ⊗ I +
∑
lm
t
(AC)
lm σl ⊗ I ⊗ σm
+
∑
nm
t(BC)nm I ⊗ σn ⊗ σm +
∑
lmn
τlmnσl ⊗ σn ⊗ σm
)
. (2.21)
Here τ = [τijk] is a three way array while t
(··) = [t(··)ij ] are matrices. The
definitions of various symbols in ρ are as follows.
rl = Tr(σ
A
l ρA) = Tr(σ
A
l ⊗ I ⊗ I ρ)
sn = Tr(σ
B
n ρB) = Tr(I ⊗ σBn ⊗ I ρ)
qm = Tr(σ
C
mρC) = Tr(I ⊗ I ⊗ σCm ρ),
tABln = Tr(σ
A
l ⊗ σBn ρAB) = Tr(σAl ⊗ σBn ⊗ ICρ)
tAClm = Tr(σ
A
l ⊗ σCmρAC) = Tr(σAl ⊗ IB ⊗ σCmρ)
tBCnm = Tr(σ
B
n ⊗ σCmρBC) = Tr(IA ⊗ σBn ⊗ σCmρ),
τlmn = Tr(σ
A
l ⊗ σBn ⊗ σCmρ),
where ρA,B,C and ρAB,AC,BC are the appropriate reduced density operators.
We consider the general interaction between qubits which can be reduced
by the singular value decomposition to the Hamiltonian
HI = HAB +HAC +HBC (2.22)
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where
HAB =
3∑
s=1
µABs σ
A
s ⊗ σBs ⊗ IC
HBC =
3∑
s=1
µBCs I
A ⊗ σBs ⊗ σCs
HAC =
3∑
s=1
µACs σ
A
s ⊗ IB ⊗ σCs . (2.23)
It is helpful to imagine that the three spins are at the vortices of a triangle.
If they are arranged on a line, we expect on physical grounds that one
of the terms can be neglected in comparison with the other two, as it
gives the next nearest neighbor interaction. For all subsystems we have
µ1 ≥ µ2 ≥ µ3. Using the definition of the entanglement generation rate Γ
in Eq. (2.3) and the definition of the entanglement measure in Eq. (2.7)
we get,
Γ =
1
||T ||
3∑
i,j,k=1
τijkτ˙ijk.
Using the Heisenberg equation of motion,
i
dρ
dt
= [HI , ρ],
where the Hamiltonian HI is defined via Eq.s (2.22), (2.23), we get
τ˙ijk = iT r(HI[σi ⊗ σj ⊗ σk, ρ]).
We now use the commutator identity
[A⊗B⊗C,D⊗E⊗F ] = 1
4
([A,D]⊗[B,E]⊗[C, F ]+[A,D]⊗{B,E}⊗{C,F}
+{A,D} ⊗ [B,E]⊗ {C, F}+ {A,D} ⊗ {B,E} ⊗ [C, F ])
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and the definitions of ρ and HI in Eq.s (2.21) and (2.22) respectively to
get,
τ˙ijk = −2
[
µACk
3∑
j′=1
tABj′j εij′k + µ
BC
k
3∑
k′=1
tABik′ εjk′k +
+µBCj
3∑
l′=1
tACil′ εkl′j + µ
AC
i
3∑
l′=1
tBCjl′ εkl′i +
+µABi
3∑
k′=1
tBCk′k εjk′i + µ
AB
j
3∑
j′=1
tACj′k εij′j
]
, (2.24)
where ε s are the Levi-Civita symbols. Substitution of Eq. (2.24) in the
expression for Γ gives,
Γ =
−2
||T ||
[ 3∑
k,s=1
[
(~τ:sk × ~tAC:k )s + (~τs:k × ~tBC:k )s
]
µABs +
+
3∑
i,s=1
[
(~τi:s × ~tABi: )s + (~τis: × ~tACi: )s
]
µBCs +
+
3∑
j,s=1
[
(~τ:js × ~tAB:j )s + (~τsj: × ~tBCj: )s
]
µACs
]
, (2.25)
where ~τ:sk = [τ1sk, τ2sk, τ3sk]
T , for example, is a vector in R3 for fixed s and
k. Similarly, ~t··:k and ~t
··
j: are the kth column and the jth row vectors of the
matrix t(··). The expression for the entanglement generation rate Γ for three
qubits (Eq. (2.25)) has 54 coupled terms, each term being a component of
the cross product of two vectors. A geometric argument to maximize Γ,
as in the two qubit case, seems to be very difficult. However, it is quite
straightforward to maximize Γ numerically, by writing the elements of the
three way array T and the matrices t(··) as the appropriate averages in the
general three qubit state
|ψ〉 =
7∑
i=0
ci|i〉 ;
∑
i
|ci|2 = 1 (2.26)
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where i labeling the product basis ket |i〉 is the binary representation of the
index i. We can numerically optimize Γ for the general Hamiltonian in Eq.
(2.22). However, for the general case, where the interaction is anisotropic,
that is, the strengths of interaction µ
(··)
k have different values, Γ does not
have the simple structure Γ = f(p)hmax as in the two qubit case. Therefore,
we assume isotropic interactions so that all interaction strengths are equal
to a common value µ. In this case, after evaluating all the terms in Eq.
(2.25) in the state |ψ〉 given by Eq. (2.26), Γ can be written as
Γ = h(c0, . . . , c7)µ.
After the numerical optimization of Γ as a function of ci, i = 0, 1, . . . , 7,
we get,
Γmax = 5.72523µ.
The (normalized) state corresponding to this Γmax is given by
|ψmax〉 = (0.033768− i0.168758|000)〉+ (0.574022− i0.0709471)|001〉+
+(0.0218412− i0.111565)|010〉+ (0.672021− i0.0754116)|011〉+
+(−0.0603488 + i0.172566)|100〉+ (−0.0051137− i0.183831)|101〉+
+(0.0556843 + i0.151888)|110〉+ (0.0700719− i0.259423)|111〉.
This state has the following Acin canonical form, expressed by the two fold
degenerate sets of entanglement parameters [109].
|ψ+〉 = 0.610291|000〉+ 0.67402 exp(i2.51395)|100〉+ 0.394893|101〉+
+0.110357|110〉+ 0.0715772|111〉,
or,
|ψ−〉 = 0.329873|000〉+ 0.546087 exp(i0.402558)|100〉+ 0.730583|101〉+
+0.20417|110〉+ 0.132424|111〉.
We see that the state with the maximal entanglement generation rate Γmax
belongs to the GHZ class. Further, we find that E(|ψmax〉) = 0.258918.
This means that, given the isotropic interaction, it is beneficial to start
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with an entangled three qubit state for optimal entanglement generation.
Also, we note that the optimal entanglement is independent ofHI , provided
the corresponding interaction is isotropic.
Thus we see that, for three qubits, the geometric method based on the
entanglement measure given by Eq. (2.7) can be numerically implemented
to get the state with maximal entanglement generation rate. This pro-
gram can be carried out for the general interaction Hamiltonian in Eq.
(2.22) although we have restricted to the isotropic interactions. This pro-
cedure can be suitably carried out in a laboratory using quantum circuits.
Every quantum circuit acts unitarily on a quantum state and we can al-
ways find a Hamiltonian corresponding to such a circuit [48, 109]. On the
other hand, given a (interaction) Hamiltonian for a three qubit system, we
may construct a circuit implementing the corresponding evolution using
universal quantum gates. We note that, for the isotropic interaction, the
maximal entanglement generation rate Γmax is proportional to the inter-
action strength µ and the corresponding state is independent of µ, as in
the two qubit case. When the interactions are anisotropic, the scenario for
two qubits does not apply to the three qubit case, as Γ does not factor
into the product of a state dependent function and an expression involving
only the interaction strengths. Even when the interactions are isotropic,
we do not know the explicit form of such a state dependent function. In
other words, we do not know whether it is possible to separately account
for the contribution due to the state and that due to the interactions. Thus
a general procedure for the maximization of the entanglement generation
rate for the higher dimensional and multipartite systems still seems to be
an open question. These observations ensue from the fact that the terms
in the expression for Γ could not be decoupled. This difficulty seems to
be generic, as it may be a consequence of the difficulties in the geometric
interpretation of the Bloch space for the multipartite and higher dimen-
sional systems [110, 111]. All the remarks in this paragraph apply to the
two qutrit case as well.
Chapter 3
Multipartite entanglement in
fermionic systems via a geometric
measure
Before I came here I was confused about this subject.
Having listened to your lecture I am still confused. But on a higher level.
Enrico Fermi
3.1 Introduction
In this chapter, We study multipartite entanglement in a system consisting
of indistinguishable fermions. Specifically, we have proposed a geometric
entanglement measure for N spin-12 fermions distributed over 2L modes
(single particle states). The measure is defined on the 2L qubit space iso-
morphic to the Fock space for 2L single particle states. This entanglement
measure is defined for a given partition of 2L modes containingm ≥ 2 sub-
sets. Thus this measure applies to m ≤ 2L partite fermionic system where
L is any finite number, giving the number of sites. The Hilbert spaces
associated with these subsets may have different dimensions. Further, we
have defined the local quantum operations with respect to a given partition
of modes. This definition is generic and unifies different ways of dividing a
fermionic system into subsystems. We have shown, using a representative
case, that the geometric measure is invariant under local unitaries corre-
sponding to a given partition. We explicitly demonstrate the use of the
measure to calculate multipartite entanglement in some correlated electron
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systems.
We study multipartite entanglement in a system consisting of identical
particles. We use the idea due to Zanardi [58] whereby the Fock space of a
system of fermions is mapped to the isomorphic qubit or ‘mode’ space. We
then discuss entanglement in this ‘mode’ space via a geometric measure.
The idea is to use the Bloch representation of the state of the m-partite
quantum system [94]. The measure is defined by the Euclidean norm of the
m-partite correlation tensor in the Bloch representation. This correlation
tensor contains all information of genuine m-partite entanglement (see sec-
tion 3.2). Such a measure was proposed earlier by P. S. Joag and A. S. M.
Hassan for N qubit and N qudit pure states[99, 100] and shown to satisfy
most of the properties expected of a good measure. The Bloch represen-
tation of a quantum state has a natural geometric interpretation, which
is why we call this measure a geometric measure [94]. Other geometric
measures are based on the distance of the given state from the set of sepa-
rable states in the Hilbert space [114, 115]. An important question in the
context of quantum entanglement is that of locality. For indistinguishable
particles distributed over ‘modes’ (which are taken to be single particle
states of particles constituting the system), local operations have meaning
only in the context of partitions over modes. A quantum operation con-
fined to a single subset in a given partition is then a local operation. We
therefore define entanglement in such a system with respect to partitions
and require it to be invariant under local unitaries defined with respect
to a given partition. We explicitly demonstrate the use of the measure to
calculate entanglement in some correlated electron systems.
The outline of the chapter is as follows: In Sec.3.2, we begin by briefly
reviewing some details about the isomorphism between the Fock space of
a system of indistinguishable particles and the ‘mode’ space [58]. This will
help us in defining various quantities and also set up notation necessary
for the subsequent analysis. In Sec.3.3, we define and construct the geo-
metric measure. Various properties of the measure are also discussed with
reference to a specific example in Sec.3.4. In Sec.3.5, we use the measure
to study entanglement in the Hubbard dimer and trimer.
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3.2 Mapping between Fock space and qudit space
We deal with N spin-12 fermions on a L site lattice. The total number
of available (localized) single particle states are then 2L in number. The
fermionic Fock space in the occupation number representation has basis
states of the form |n1n2 . . . n2L〉 (ni = 0, 1 ; i = 1, . . . , 2L). We further
assume that the total number of particles is conserved. This means that
we only deal with subspaces of the Fock space corresponding to a fixed
eigenvalue for the total number operator. We shall refer to this number
super-selection rule as N-SSR. For a N -fermion system, we call such a
subspace of the Fock space ‘N -sector’ and denote it by FN . The N -sector
of a 2L mode system is the subspace FN of dimension
(
2L
N
)
of the Fock
space with the dimension of the Fock space for 2L single particle states
(N = 0, 1, 2, . . . , 2L) being
2L∑
N=0
(
2L
N
)
= 22L (3.1)
Since a 2L qubit Hilbert space (C2)⊗2L has exactly this dimension, it is pos-
sible to construct an isomorphism between the Fock space and the 2L qubit
Hilbert space (C2)⊗2L [116]. The particular isomorphism we implement is
|n1n2 . . . n2L〉 → |n1〉⊗|n2〉⊗· · ·⊗|n2L〉 ; ni = 0, 1 ; i = 1, 2, . . . , 2L (3.2)
where, in qubit space we associate |0〉 ↔ | ↑〉 and |1〉 ↔ | ↓〉. Note that
the Slater rank of the Fock basis states |n1n2 . . . n2L〉 is 1 so that these are
separable states. Thus the above isomorphism maps separable basis states
in Fock space to the separable basis states in qubit space. Further, the
subspace structure of the Fock space namely,
F2L =
2L⊕
N=0
FN (3.3)
is carried over to the qubit space under mapping (Eq. (5.2)) because each
subspace of the Fock space with conserved fermion number N is mapped
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to a subspace of the 2L qubit space spanned by the basis vectors with N
ones and 2L−N zeros. We can write
H2L = (C
2)⊗2L =
2L⊕
N=0
H2L(N) (3.4)
where H2L(N) is the image of FN in Eq. (5.3) under the map given by Eq.
(5.2).
Next crucial step is to transfer the action of the creation and annihilation
operators on Fock space to the qubit space, under the isomorphism given
by Eq. (5.2) [63]. We need the creation and annihilation operators a and
a† acting on a single qubit state,
a|0〉 = 0, a|1〉 = |0〉
a†|0〉 = |1〉, a†|1〉 = 0
(3.5)
such that,
ai → I ⊗ I ⊗ · · · ⊗ a︸︷︷︸
ith qubit
⊗ · · · ⊗ I
a†i → I ⊗ · · · ⊗ a†︸︷︷︸
ith qubit
⊗ · · · ⊗ I
(3.6)
Here ai (a
†
i) is the annihilation (creation) operator acting on Fock space
F2L, annihilating (creating) a fermion in ith mode. I is the identity on
single qubit space. The tensor product satisfying the correspondence in
Eq. (5.7) must be consistent with the anti-commutation property of the
Fock space creation and annihilation operators,
{ai, a†j} = δij {ai, aj} = 0 = {a†i , a†j} (3.7)
This requirement leads to the following action of the tensor product oper-
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ators on the 2L qubit states
(I ⊗ I ⊗ · · · ⊗ a(a†)︸ ︷︷ ︸
ith place
⊗ · · · ⊗ I)(|n1〉 ⊗ · · · ⊗ |ni〉 ⊗ · · · ⊗ |n2L〉)
= (−1)
∑2L
j=i+1 nj(|n1〉 ⊗ · · · ⊗ a(a†)|ni〉︸ ︷︷ ︸
ith qubit
⊗ · · · ⊗ |n2L〉)
(3.8)
Here ni ∈ {0, 1} ; i ∈ {1, 2, . . . , 2L} and
∑2L
j=i+1 nj is evaluated mod 2.
Using Eq. (5.10), it is straightforward to see that
{I ⊗ I ⊗ · · · ⊗ a(a†)︸ ︷︷ ︸
ith place
⊗ · · · ⊗ I , I ⊗ I ⊗ · · · ⊗ a(a†)︸ ︷︷ ︸
jth place
⊗ · · · ⊗ I}
(|n1〉 ⊗ · · · ⊗ |ni〉 ⊗ · · · ⊗ |nj〉 ⊗ · · · ⊗ |n2L〉) = 0 (3.9)
and
{I ⊗ I ⊗ · · · ⊗ a︸︷︷︸
ith place
⊗ · · · ⊗ I , I ⊗ I ⊗ · · · ⊗ a†︸︷︷︸
jth place
⊗ · · · ⊗ I}
(|n1〉 ⊗ · · · ⊗ |ni〉 ⊗ · · · ⊗ |nj〉 ⊗ · · · ⊗ |n2L〉) = (I ⊗ · · · ⊗ I)︸ ︷︷ ︸
2L factors
δij
(3.10)
We note that the phase factors appearing in Eq. (5.10) are the consequence
of the conservation of the parity operator [117]
Pˆ = Π2Li=1(1− 2a†iai). (3.11)
Henceforth, in this chapter, by ‘fermions’ we mean spin-1
2
fermions. Fur-
ther, we call a single particle state a mode. Thus two spin-12 fermions on
two sites is a four mode system. In general, N spin-12 fermions on L sites
is equivalent to N fermions on K = 2L modes. For example, two spin-12
fermions on a two site lattice, A,B say, generate four single particle states
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or modes |A ↑〉, |A ↓〉, |B ↑〉, |B ↓〉. In this work, we deal with entangle-
ment between subsets forming a partition of a 2L-mode fermionic system.
We define the entanglement measure for any such partition of a 2L-mode
system without any restriction on the number and the size of the subsets
forming the partition. These subsystems may involve different degrees of
freedom, for example, we can deal with the entanglement between spins
and sites or entanglement between two spins on the same site (intrasite en-
tanglement). Or if each of the subsets partitioning the 2L modes comprises
modes with common site label we have the entanglement between sites or
the ‘site entanglement’. Thus all physically realizable subsystems of N
fermions over 2L single particle states can be addressed by dividing the
2L modes into suitable partitions, for example the ‘particle entanglement’
defined in [60].
We now define the local and non-local operations on the 2L mode
fermionic system [58, 65, 60, 118, 119]. We do this by using the corre-
sponding operations on the isomorphic qubit space H2L.We note that, due
to isomorphism between F2L (Eq. (5.2)) and H2L (Eq. (5.5)), partitioning
2L modes is equivalent to the corresponding partitioning of the 2L qubit
system into subsystems. Locality is defined with respect to the partition
of 2L qubits (or, the corresponding partition of 2L modes) between whose
subsets we are seeking entanglement. The operations on the state space
of a single subset in a partition of 2L qubits is taken to be local. The en-
tanglement measure defined with respect to a partition must be invariant
under a unitary operation which is local with respect to that partition. We
will illustrate this point later, using the geometric entanglement measure
defined below. Henceforth ‘mode’ and ‘qubit’ are taken to be synonymous
and we shall use the expression ‘modes’ instead of ‘qubits’. In other words,
the spaces F2L and H2L are taken to be the same.
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3.3 Geometric measure for entanglement.
3.3.1 Definition
We define a geometric measure for the partitions of the 2L mode N fermion
systems in pure states. Although the definition of the measure is quite
general, the fermion number super-selection rule restricts the pure states
to the appropriate subspace corresponding to N fermions, namely H2L(N)
(Eq. (5.5)). Thus a state |0110〉 ∈ H4(2) may be partitioned as |01〉⊗ |10〉
or as |011〉⊗ |0〉 etc where the definition of the tensor product is consistent
with Eq. (5.10). We use the Bloch representation of N−partite states
(drawn from H2L(N)) to get this measure [99, 100].
First we assume that a partition equally divides 2L modes into subsets,
i.e. all subsets in the partition contain equal number of modes, say n.
This corresponds to the case of H2L divided into subspaces of dimension
d = 2n, n being some divisor of the number of modes 2L. To get the
entanglement measure we expand the state ρ = |ψ〉〈ψ| of the system,
supported in the appropriate H2L(N), in its Bloch representation.
In order to give the Bloch representation of a density operator acting
on the Hilbert space Cd ⊗ Cd ⊗ · · · ⊗ Cd of an m = 2L/n-qudit quantum
system, we introduce following notation [100]. We use k, ki (i = 1, 2, . . .)
to denote a qudit chosen from m qudits, so that k, ki (i = 1, 2, . . .) take
values in the set N = {1, 2, . . . , m}. The variables αk or αki for a given k
or ki span the set of generators of SU(d) group for the kth or kith qudit,
namely the set {λ1, λ2, · · · , λd2−1} for the kith qudit. For two qudits k1
and k2 we define
λ(k1)αk1 = (Id ⊗ Id ⊗ · · · ⊗ λαk1 ⊗ Id ⊗ · · · ⊗ Id)
λ(k2)αk2 = (Id ⊗ Id ⊗ · · · ⊗ λαk2 ⊗ Id ⊗ · · · ⊗ Id)
λ(k1)αk1 λ
(k2)
αk2
= (Id ⊗ Id ⊗ · · · ⊗ λαk1 ⊗ Id ⊗ · · · ⊗ λαk2 ⊗ Id ⊗ Id)
where λαk1 and λαk2 occur at the k1th and k2th places (corresponding to
k1th and k2th qudits respectively) in the tensor product and are the αk1th
and αk2th generators of SU(d), αk1,2 = 1, 2, . . . , d
2− 1 . Then we can write
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ρ =
1
dN
{I⊗md +
∑
k∈N
∑
αk
sαkλ
(k)
αk +
∑
{k1,k2}
∑
αk1αk2
tαk1αk2λ
(k1)
αk1
λ(k2)αk2 + · · ·+
∑
{k1,k2,··· ,kM}
∑
αk1αk2 ···αkM
tαk1αk2 ···αkMλ
(k1)
αk1
λ(k2)αk2 · · ·λ
(kM )
αkM
+ · · ·
+
∑
α1α2···αN
tα1α2···αNλ
(1)
α1 λ
(2)
α2 · · · λ(m)αN } (3.12)
where s(k) is a Bloch vector corresponding to kth qudit, s(k) = [sαk ]
d2−1
αk=1
which is a tensor of order one defined by
sαk =
d
2
Tr[ρλ(k)αk ] =
d
2
Tr[ρkλαk ],
where ρk is the reduced density matrix [120] for the kth qudit. Here
{k1, k2, . . . , kM}, 2 ≤ M ≤ m,
is a subset of N and can be chosen in (mM) ways, contributing (mM) terms
in the sum
∑
{k1,k2,··· ,kM} in Eq. (3.12), each containing a tensor of order
M . The total number of terms in the Bloch representation of ρ is 2m. We
denote the tensors occurring in the sum
∑
{k1,k2,··· ,kM}, (2 ≤ M ≤ m) by
T {k1,k2,··· ,kM} = [tαk1αk2 ···αkM ] which are defined by
tαk1αk2 ...αkM =
dM
2M
Tr[ρλ(k1)αk1 λ
(k2)
αk2
· · ·λ(kM )αkM ]
=
dM
2M
Tr[ρk1k2...kM (λαk1 ⊗ λαk2 ⊗ · · · ⊗ λαkM )]
where ρk1k2...kM is the reduced density matrix for the subsystem {k1, k2, . . .
, kM}. Each of the
(
m
M
)
tensors of orderM , occurring in the Bloch represen-
tation of ρ, contains all information about entanglement of the correspond-
ing set of M subsystems. All information on the entanglement contained
in ρ is coded in the tensors occurring in the Bloch representation of ρ. The
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tensor in last term in Eq. (3.12), we call it T (m), contains all the informa-
tion of genuine m-partite entanglement. This follows from the observation
that all other terms in the Bloch representation of ρ (Eq. (3.12)) corre-
spond to subsystems comprising M < m qudits and the density operator
contains all possible information about the state of the system.
The operators λαk , αk = 1, 2, . . . , d
2 − 1 are given by [121]
λˆ = {uˆ12, uˆ13, uˆ23, . . . , vˆ12, vˆ13, vˆ23, . . . , wˆ1, wˆ1, . . . , wˆd−1} (3.13)
with
uˆjk = Pˆjk + Pˆkj
vˆjk = −i(Pˆjk − Pˆkj)
wl =
√
2
l(l + 1)
(Pˆ11 + · · ·+ Pˆll − lPˆl+1,l+1)
1 ≤ j < k ≤ d ; 1 ≤ l ≤ d− 1
(3.14)
where
Pˆkl = |k〉〈l| (k, l = 1, 2, . . . , d).
Note that each of the generators of the SU(d) group λi , i = 1, 2, . . . , d
2−1
acts on a single qudit space and hence is local 3.2, apart from the phase
factor contributed by their action, as given by Eq. (5.10). We assume
these phase factors to be absorbed in the coefficients in the expansion of
the density operator ρ.
Let a 2L mode N fermion system be partitioned by m = 2L/n subsets,
each containing n modes. Then for this partition, we define the entangle-
ment measure for a state |ψ〉 ∈ H2L(N) by [100]
E = ||τ || − ||τ ||sep (3.15)
where
||τ || =
√√√√ d2−1∑
α1···αm=1
t2α1···αm (3.16)
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and ||τ ||sep is ||τ || for separable (product) m qudit state
||τ ||sep =
(
d(d− 1)
2
)m/2
(3.17)
3.3.2 Entanglement in partitions with unequal subsets
We can also generalize the definition of the entanglement to the case where
the corresponding qubit subsystems have unequal dimensions. We discuss
the simplest case of bi-partite entanglement with partitions having unequal
dimensions, say d1 and d2. In this case, the definition of the geometric
entanglement measure generalizes to
E = ||τ || − ||τ ||sep (3.18)
where
||τ || =
√√√√d21−1∑
i=1
d22−1∑
j=1
t2ij (3.19)
where
tij =
(
d1
2
)(
d2
2
)
〈ψ|λˆi ⊗ λˆj|ψ〉 =
(
d1
2
)(
d2
2
)
Kij. (3.20)
Here λˆi (i = 1, . . . , d
2
1 − 1) and λˆj (j = 1, . . . , d22 − 1) are the generators of
SU(d1) and SU(d2) respectively. ||τsep|| is given by
||τsep||2 = ||s(1)||.||s(2)|| =
(
d1(d1 − 1)
2
)(
d2(d2 − 1)
2
)
. (3.21)
Here ||s(1)|| and ||s(2)|| are the norms of the Bloch vectors of the reduced
density operators for each subsystem.
It is straightforward to extend these definitions to partitions containing
more than two subsets.
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3.4 Entanglement in a four mode system
With the entanglement measure defined as above, we give an example
wherein we can compute the entanglement for different partitions and il-
lustrate our comments on local and non-local operations. We also compute
the upper bounds on the entanglement.
3.4.1 Local and Non-local operations
Consider a four mode system and the normalized state |ψ〉 ∈ H4(2) defined
as
|ψ〉 = 1√
6
{iα|1100〉+|1001〉+|0110〉+|0011〉+β|0101〉+|1010〉} α2+β2 = 2
(3.22)
where α, β are real. Note that |ψ〉 can be treated as a member of the Fock
space F4(2) with the kets appearing in it being its basis states. Consider
the evolution of the system in state |ψ〉 ∈ F4(2) via the Hamiltonian
H = f(a†1a4 + a
†
4a1) + qnˆ1nˆ2 + Γnˆ1 + γnˆ3 + η(a
†
1a2 + a
†
2a1) (3.23)
acting on F4. Here f term is the interaction between two modes on different
sites (intersite interaction), η term is the interaction between two modes
on the same site (intrasite interaction). Γ and γ correspond to single
mode on site A and B respectively. q term involves number operators
nˆi = a
†
iai ; i = 1, 2 for first two modes, on A site. We have included all
the different kinds of typical interactions encountered in condensed matter
systems, respecting number super-selection rule. After an infinitesimal
unitary evolution via this Hamiltonian, the state |ψ〉 evolves to
|ψ′〉 = |ψ〉 − iǫH|ψ〉 (3.24)
By employing the mapping of annihilation and creation operators in Eq.
(5.7) and Eq. (5.10) and that of Fock space basis states in Eq. (5.2), we
get, for |ψ′〉
|ψ′〉 = 1√
6
{(iα+ iǫf + αqǫ)|1100〉+ (1− iΓǫ− iǫηβ)|1001〉
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+(1− iγǫ− iǫη)|0110〉+ (1− iǫf − iǫγ)|0011〉
+ (β − ǫfβ − iǫη)|0101〉+ (1 + iǫf − iǫΓ− iǫγ − iǫη)|1010〉} (3.25)
Now we find the entanglement for different partitions of this four mode
system, using the geometric entanglement measure, Eq. (5.17). We first
partition four modes into four subsets, each containing one mode. This
case gives genuine entanglement between four modes, which is more general
than only the bipartite entanglement considered in the literature. For this
case d = 2, so that ||τ ||sep = 1 and we get, for the genuine four mode
entanglement,
E = ||τ || − 1 (3.26)
where
||τ || =
√√√√ 3∑
i,j,k,l=1
t2ijkl (3.27)
with
tijkl = Tr[ρ σi ⊗ σj ⊗ σk ⊗ σl] = 〈ψ|σi ⊗ σj ⊗ σk ⊗ σl|ψ〉. (3.28)
where {σi} i = 0, 1, 2, 3 are the generators of the SU(2) group (Pauli
operators). The resulting entanglement in |ψ′〉 is
Eg(|ψ′〉) =
1
6
(
−6 +
√
88 + 64α2 + 32β + 64β2 + 10α2β2 + β4
)
−
4
(
4fα− 2qα(1 + β) + fαβ(α2 − β2) + 4αη(1 + β)) ǫ(
−6 +
√
88 + 64α2 + 32β + 64β2 + 10α2β2 + β4
) + O[ǫ2] (3.29)
where the first term gives the entanglement E(|ψ〉) for the state ψ as
defined in Eq. (5.20). For this partition, the operations on a single mode
are the only local operations, while all others are non-local. Therefore, the
terms Γnˆ1 and γnˆ3 are the only local interactions. Therefore, we expect
that the four mode genuine entanglement should not depend on Γ or γ to
the first order in ǫ, which is the case, as seen from Eq. (5.22).
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Next, we consider the partition consisting of two subsets, each contain-
ing two modes on each site, {A ↑, A ↓} and {B ↑, B ↓} (site partition).
Thus we have two subsystems with d = 4 corresponding to a SU(4)⊗SU(4)
qudit system. Further, n = 2 givingm = (2L/n) = 2 so that the geometric
entanglement is
Es(|ψ′〉) = ||τ || − 6 (3.30)
where
||τ || = 4
√√√√ 15∑
j,k=1
K2jk
with
Kjk = 〈ψ|λˆj ⊗ λˆk|ψ〉
where λˆj ; j = 1, . . . , 15 are the generators of SU(4). The entanglement of
|ψ′〉 in Eq. (5.22) is then given by
Es(|ψ′〉) =
1
3
(
−18 +
√
208 + 136α2 + 9α4 − 32β + 104β2 + 34α2β2 + 9β4
)
− 16(−fα+ fαβ(α
2 − β2 − 2))ǫ
3(
√
208 + 136α2 + 9α4 − 32β + 104β2 + 34α2β2 + 9β4) +O[ǫ
2] (3.31)
According to the ‘site partition’, in addition to the operations on single
modes, the operations on the pair of modes having the same site label are
also local. Therefore, the resulting entanglement cannot change under the
intrasite operations in the Hamiltonian, namely the q term, the η term and
as before, Γ and γ terms. Thus, to the first order in ǫ, the entanglement
is expected to depend only on the non-local part of the Hamiltonian, that
is, on the f parameter. From Eq. (5.29) we see that this is the case. The
intersite entanglement quantified using Von-Neumann entropy has been
reported earlier[58].
Thus we see that the geometric measure has the capability to quan-
tify the genuine multi-mode fermionic entanglement as against the mainly
bipartite entanglement reported in the literature. Also, the geometric en-
tanglement measure, for the given partition of modes, shows the correct
behavior under local and non-local unitary operations.
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3.4.2 Upper bound for the geometric measure in a four mode
system.
We discuss here some upper bounds that one can find for the entanglement
for the four mode system and compare with existing results obtained from
other measures. We find that the general state which leads to a maximum
intersite entanglement computed via the geometric measure also leads to
a maximum for the von-Neumann entropy.
We treat the entanglement for the given partition to be the function of
the coefficients of the general state |ψ〉 ∈ H4(2), namely,
|ψ〉 =
∑
k=3,5,6,9,10,12
ck|k〉 (3.32)
where each ket is labeled by the (four bit) binary representation of k. We
then maximize E(|ψ〉) with respect to the coefficients ck.
For the site partition (see above) the entanglement (Eq. (5.28) and two
equations following it) is a function of the coefficients ck in state |ψ〉 ∈
H4(2) given in Eq. (3.32). We find that the the maximum value of the
entanglement is given by
Emax = 1.74593 (3.33)
The Schmidt canonical form (with respect to the H4(2) basis) of |ψmax〉
corresponding to this Emax is
|ψmax〉 = 1
2

 ∑
k=3,5,10,12
|k〉

 (3.34)
or,
|ψmax〉 = 1
2

 ∑
k=3,6,9,12
|k〉

 (3.35)
where each ket is labeled by the four bit binary representation of k. Also,
both these forms lead to the von-Neumann entropy = 2 which is the max-
imum possible[122].
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For the four mode entanglement (Eq. (5.23)) we find that entanglement
is maximum for the state given by
c3 = 0.06701− 0.33751i; c5 = 0.16442− 0.51281i
c6 = −0.1006 + 0.2854i; c9 = 0.29967− 0.04206i
c10 = −0.53522 + 0.05955i; c12 = −0.34410− 0.00118i
(3.36)
and the maximum value is found to be
Emax = 2 (3.37)
However, we do not have any entanglement measure to compare with the
geometric measure. We also note that, for four modes, no canonical form
like the Schmidt or Acin canonical form (for two and three modes respec-
tively) is available.
3.5 Applications
We now consider some correlated lattice models and discuss multi-mode
entanglement in these models using the geometric measure.
3.5.1 Hubbard dimer.
The Hubbard dimer model is a simple model for a number of physical
systems, including the electrons in a H2 molecule, double quantum dots,
etc[58, 60, 123]. The Hamiltonian can be written as
H = −t
∑
σ=↑,↓
(
c†AσcBσ + c
†
BσcAσ
)
+ U
∑
j=A,B
nˆj↑nˆj↓ (3.38)
where A, B are the site labels and ↑ and ↓ are spin labels. t is the hopping
coefficient measuring hopping between two sites while conserving spin and
U quantifies Coulomb interaction between fermions on the same site. By
varying
(
U
4t
)
we can vary the relative contributions of hopping and Coulomb
mechanisms.
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The ground state of the system at zero temperature can be easily ob-
tained as [58, 60]
|ψ0〉 = NGˆ0|vac〉 (3.39)
where N = 〈ψ0|ψ0〉−1/2 is the normalization factor and
Gˆ0 = c
†
A↑c
†
A↓ + c
†
B↑c
†
B↓ + α
(
U
4t
)(
c†A↑c
†
B↓ − c†A↓c†B↑
)
(3.40)
with α(x) = x+
√
1 + x2. By mapping to H2L via Eq. (5.2) we get,
|vac〉 → |0〉 ⊗ |0〉 ⊗ |0〉 ⊗ |0〉 = |0000〉 (3.41)
while mapping between the operators, (Eq. (5.7) and Eq. (5.10)) gives
c†A↑ → a† ⊗ I2 ⊗ I2 ⊗ I2 c†A↓ → I2 ⊗ a† ⊗ I2 ⊗ I2
c†B↑ → I2 ⊗ I2 ⊗ a† ⊗ I2 c†B↓ → I2 ⊗ I2 ⊗ I2 ⊗ a†
(3.42)
The normalized ground state can be expressed in the qubit space as
|ψ0〉 = −1√
2(1 + α2)
{|1100〉+ |0011〉+ α|1001〉 − α|0110〉} (3.43)
The four-partite entanglement in any state |ψ〉 can be calculated by
using Eqs. ((5.23), (5.24), (5.25)) as,
Eg = ||τ || − 1 (3.44)
where
||τ || =
√√√√ 3∑
i,j,k,l=1
t2ijkl (3.45)
with
tijkl = 〈ψ|σi ⊗ σj ⊗ σk ⊗ σl|ψ〉. (3.46)
The ground state entanglement can be then calculated to be
Eg =
3
(1 + α2)
√
1 +
2
9
α2 + α4 − 1 (3.47)
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We plot the four-partite entanglement as a function of U and t (Fig. (2.1a))
and as a function of α (Fig. (2.1b)). The entanglement is seen to mono-
tonically increase as a function of α, saturating at large values of α to the
maximum value 2. The saturation to the maximum value can be obtained
either for very large values of U or very small values of t. We can interpret
this result in the following way: since the total particle number is fixed
to be 2, the four mode entanglement essentially measures the correlations
between the spins. The entanglement increases as a function of α because
the spin correlations increase with α.
Fig. (3.1): Four-partite entanglement for the Hubbard dimer (at half filling) as a
function of (a) U and t (both in energy units) and (b) as a function of α(U
4t
) where
α(x) = x+
√
1 + x2. (α ≥ 1).
We can also calculate the bipartite entanglement between sites A and B
using the geometric measure Eqs. ((5.17), (5.18), (5.19)) considering the
partitions to be {{A ↑ A ↓}; {B ↑ B ↓}}
Es = ||τ || − ||τ ||sep (3.48)
where
||τ || =
√√√√ 15∑
i,j=1
t2ij; tij =
(
d
2
)2
〈ψ|λˆi ⊗ λˆj|ψ〉 (3.49)
and ||τ ||sep =
(
d(d−1)
2
)m/2
. Here λˆs are the generators of SU(4), there are
m = 2 partitions (same as the number of sites) and each partition has
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dimension d = 4. This leads to an intersite entanglement of the form
Es =
2
(1 + α2)
√
13α4 + 34α2 + 13− 6 (3.50)
The bi-partite entanglement between sites A and B was calculated earlier
using the von-Neumann entropy [58]
EV N =
1
(1 + α2)
{
log2
[
2(1 + α2)
]− α2 log2 [ α22(1 + α2)
]}
(3.51)
We plot the intersite entanglement (the von-Neumann entropy is also plot-
ted for comparison) as a function of α in Fig. (3.2). It is seen that both
measures show qualitatively similar behavior, i.e. a monotonically decreas-
ing entanglement as a function of α saturating at very large values of α.
The entanglement between the sites A and B decreases as a function of
α because with increasing on-site repulsion U , the four dimensional lo-
cal state space at each site gets reduced to a two dimensional local state
space[58] due to a suppression of charge fluctuations or in other words, as
α → ∞ the SU(4) ⊗ SU(4) partition goes over to a SU(2) ⊗ SU(2) par-
tition. We have explicitly checked that the entanglement obtained in the
α→∞ limit matches with that obtained for the SU(2)⊗SU(2) partition.
Fig. (3.2) : (a) The bi-partite entanglement between sites A and B calculated with the
geometric measure as a function of α (α ≥ 1) for the Hubbard dimer at half filling. (b)
The corresponding von-Neumann entropy as a function of α (α ≥ 1).
We can also discuss bi-partite entanglement with unequal partitioning.
Consider four modes partitioned into two subsets containing one and three
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modes respectively. This would correspond for example to one observer
controlling a register which measures the occupancy of the spin up at site A
and the other observer controlling a register which measures the occupancy
of the spin down at site A as well as the occupancy at site B. The bi-partite
entanglement in this can be obtained as discussed in Sec.(3.3.2). In the
present case, the two partitions have dimension as d1 = 2 and d2 = 8
respectively. This gives, for the entanglement,
E = 4
√√√√ 3∑
j=1
63∑
k=1
K2jk −
√
28 (3.52)
or, using |ψ〉 in Eq. (3.43),
E = 1.6367 (3.53)
Interestingly, the entanglement is independent of α. It turns out that this is
the maximum value possible for the entanglement (Eq. (3.52))( we checked
this by maximizing the entanglement given by Eq. (3.52) as a function of
the coefficients in the general state Eq. (3.32). We have also checked that
von-Neumann entropy in this case is also independent of α and has the
maximum possible value, i.e. 2.
3.5.2 Three electrons on three sites.
We next consider the Hubbard trimer, i.e. electrons on three sites with the
sites A,B, C with periodic boundary conditions. Ignoring the chemical
potential , the Hamiltonian is
H(β) = −t

 ∑
j=A,B,C
(c†j↑cj+1↑ + c
†
j↓cj+1↓ + h.c.)− β
∑
j=A,B,C
nˆj↑nˆj↓

 (3.54)
where t > 0 is the hopping parameter and β = Ut . We begin our analysis as
earlier by mapping from the fermionic to the six qubit space corresponding
to (A ↑ A ↓ B ↑ B ↓ C ↑ C ↓). In the qubit space, the basis respecting
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number super-selection rule is given by
{|k〉} k = 7, 11, 13, 14, 19, 21, 22, 25, 26, 28, 35, 37, 38, 41, 42, 44, 49, 50, 52, 56
(3.55)
where the twenty basis states are labeled by the six bit binary represen-
tation of the k values. We numerically diagonalize the Hamiltonian H(β)
in Eq. (3.54) in the basis given by Eq. (3.55) at different values of β as β
increases from zero. The total spin quantum number S and the z compo-
nent of the total spin SZ commute with the Hamiltonian and can therefore
be used as good quantum numbers to characterize the states. The ground
state has total S value = 1/2. The triangular geometry of the three site
model (with periodic boundary conditions) also leads to an additional sym-
metry under reflection about one of the medians of the triangle. This leads
to a two fold degeneracy for the ground state (for a fixed SZ value). Since
these symmetries are preserved even in the presence of the interaction U ,
the ground state remains two-fold degenerate for all β values.
The entanglement in any state can be calculated in a similar manner as
shown previously (Sec.3.5.1). We now show the results of our calculations
for the entanglement in one of the ground states.
The six-mode entanglement as a function of the interaction parameter
β is shown in Fig (3.3a) while the tripartite entanglement (between the
sites A,B, C) is shown in Fig. (3.3b) as a function of β. The tripartite
entanglement between the sites A,B, C is seen to decrease with increasing
β - we interpret this result in a similar way as that for the dimer as due
to the fact that the local state space at each site decreases with increasing
β. We find that the six-mode entanglement increases with β, saturating at
large values, however, the behavior is not monotonic. Such non- monotonic
behavior as a function of β is also shown by the bipartite entanglement
between sites A and BC calculated using the geometric measure as well as
the von-Neumann entropy (Figs. (3.3c) and (3.3d)).
We can understand the non-monotonic behavior in the following way:
the bi-partite entanglement measures the entanglement between the the
sites A and the sites BC. With small increase in β from zero, there is an
increase in the spin fluctuations between B and C which shows up as an
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initial increase in the entanglement between A and BC. However, with
further increase in β, the charge fluctuations get completely suppressed
leading to an asymptotic behavior similar to that for the dimer. One can
understand the non-monotonic behavior of the six-mode entanglement in
a similar way. For small β, there is a larger correlation between two sites
which leads to a decrease in the overall entanglement, however with further
increase in β, the contribution to the entanglement is solely due to spin
fluctuations which increases with β leading to the observed increase in the
entanglement as well.
Fig. (3.3): (a) Six-partite entanglement for the Hubbard trimer as a function of β at
half filling, (b) Tripartite (site) entanglement as a function of β for the Hubbard trimer
at half filling, (c) The bipartite entanglement between site A and sites BC (see text) as
a function of β for the Hubbard trimer at half filling and (d) The corresponding von-
Neumann entropy as a function of β for the Hubbard trimer at half filling.
We have also calculated the upper bounds for the entanglements in vari-
ous partitions in the same way as in Sec.3.4. These are Emaxg = 4.42218,
Emaxbi = 4.15105, E
max
s = 6.08767.
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3.6 Summary and comments
We have proposed a multipartite entanglement measure for N fermions
distributed over 2L modes (single particle states). The measure is defined
on the 2L qubit space isomorphic to the Fock space for 2L single parti-
cle states. The entanglement measure is defined for a given partition of
2L modes containing m ≥ 2 subsets, using the Euclidean norm of the m-
partite correlation tensor in the Bloch representation of the corresponding
multi-mode state, viewed as a m-partite state (see sec. IV and V). The
Hilbert spaces associated with these subsets may have different dimen-
sions. The quantum operations confined to a subset of a given partition
are local operations. This way of defining entanglement and local opera-
tions gives us the flexibility to deal with entanglement and its dynamics
in various physical situations governed by different Hamiltonians. We note
that the concept of locality for indistinguishable fermions is distinct from
that for distinguishable particles. In the latter case, locality applies to
spatially separated subsystems. However, spatially separated fermions be-
come distinguishable. We have shown, using a representative case, that
the geometric measure is invariant under local unitaries corresponding to a
given partition. As an application, we have also considered some correlated
electron systems and demonstrated the use of the multipartite measure in
these systems. In particular, we have calculated the multipartite entan-
glement in the Hubbard dimer and trimer (at half filling). We find that
the bipartite entanglement between sites as computed with the geometric
measure has a qualitatively similar behavior as a function of the inter-
action as that of the conventional von-Neumann entropy. We have also
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calculated the four(six)- partite and the two (three) site entanglement for
the Hubbard dimer(trimer). We find that the multi-partite entanglement
gives complementary information to that of the site entanglement in both
the cases.
Although the entanglement measures given in this chapter have been
mainly applied to the study of the multipartite entanglement structure in
Hubbard dimers and trimers, these measures are completely general and
can be applied to other fermionic systems. We have also shown [99, 100]
that, viewed as a measure on qubit space, this measure has most of the
properties required of a good entanglement measure, including monotonic-
ity. To the best of our knowledge, this is the first measure of multipartite
entanglement in fermionic systems going beyond the bipartite and even the
tripartite case. Further, in this chapter we have restricted to applications
involving ground states of 2L mode systems with 2L ≤ 6. It is straightfor-
ward to extend the calculations for large number of modes (2L > 6) except
for the length of the computation. We have shown earlier that [99, 100]
for antisymmetric states, the computational complexity of computing the
measure goes polynomially with the number of parts of the system (here,
the number of partitions of 2L modes). It would be interesting to extend
these calculations to larger system sizes where new and interesting results
might be expected.
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Chapter 4
Thermal quantum and classical
correlations in two qubit XX model
in a nonuniform external magnetic
field
A Sanskrit saying (Subhashit)
People are bound by an amazing chain called hope. Those bound by it keep running. Others stay put as if
disabled.
4.1 Introduction
We have seen in chapter I that composite quantum systems can be in a
class of states, called entangled states, in which the correlations between
the constituents of the system cannot be achieved in a classical world [120,
25]. Although all pure entangled states possess such nonlocal quantum
correlations, there are mixed entangled states which do not, in the sense
of violating Bell inequalities [3]. The entanglement in quantum states
and the resulting nonlocal quantum correlations form an area of intense
research, due to their huge technological promise, especially in the areas
of quantum communication and cryptography [124]. However, quantum
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correlations breaking Bell inequalities need not account for all quantum
correlations in a composite quantum system in a given state. In order to
account for the quantum correlation in a given state, we must find some
means to divide the total correlation into a classical part and a purely
quantum part. This is particularly important for mixed states, since their
quantum correlations are many a time hidden by their classical correlations
(CC). An answer to this requirement is given by quantum discord (QD),
a measure of the quantumness of correlations introduced in Ref. [76].
Quantum discord is built on the fact that two classically equivalent ways of
defining the mutual information turn out to be inequivalent in the quantum
domain. In addition to its conceptual role, some recent results [77], suggest
that quantum discord and not entanglement may be responsible for the
efficiency of a mixed state based quantum computer. We believe that QD
will turn out to be a very useful tool to analyze mixed state quantum
correlations and their consequences, as mixed state entanglement is very
difficult and eluding to deal with [106]. To realize this hope we need a
viable relation between mixed state entanglement and quantum discord
[84]. The pointers towards such a relation may be obtained by studying
these properties for various quantum systems.
Motivated by these considerations, we present , in this chapter, the re-
sults of our investigation of the amount of QD and CC in a two qubit
Heisenberg XX chain at finite temperature subjected to nonuniform exter-
nal magnetic fields B1 and B2 acting separately on each qubit. We study
two distinct cases namely B1 = −B2 (nonuniform field) and B1 = B2
(uniform field). In each case, we obtain the dependence of QD,CC and
entanglement (EOF ) in the system on the external magnetic field and tem-
perature. Such a model is realized, for example, by a pair of qubits (spin
1/2) within a solid at finite temperature experiencing a spatially vary-
ing magnetic field. Such Heisenberg models can describe fairly well the
magnetic properties of real solids [125] and are well adapted to the study
of the interplay of disorder and entanglement as well as of entanglement
and quantum phase transitions [126, 127]. The variation of entanglement
[128] and QD [129, 130] in a two qubit Heisnberg XX chain with external
magnetic field is already reported.
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In order to quantify entanglement in a thermally mixed two qubit state,
we use concurrence given by [131]
C = max{λ1 − λ2 − λ3 − λ4, 0} (4.1)
where λi(i = 1, 2, 3, 4) are the square roots of the eigenvalues of the oper-
ator ρρ˜ in descending order
ρ˜ = (σy1 ⊗ σy2)ρ∗(σy1 ⊗ σy2), (4.2)
with λ1 ≥ λ2 ≥ λ3 ≥ λ4, and ρ is the density matrix of the pair qubits; σy1
and σy2 are the normal Pauli operators. The entanglement is related to the
concurrence by
EN = h
(
1 +
√
1− C2
2
)
,
where h(x) = −x log2 x− (1− x) log2(1− x). Henceforth, in this chapter,
we denote the entanglement of formation (EOF ) by EN. The concurrence
C = 0 corresponds to an unentangled state and C = 1 corresponds to a
maximally entangled state.
4.2 The thermalized Heisenberg system.
The model Hamiltonian we study is given by
H = J(Sx1S
x
2 + S
y
1S
y
2) +B1S
z
1 + B2S
z
2 , (4.3)
where Sα ≡ σα/2, (α = x, y, z) are the spin 1/2 operators, σα are the
Pauli operators and J is the strength of Heisenberg interaction. B1 and B2
are external magnetic fields. As stated in the introduction, by changing
B1 and B2 separately, we want to study the effects of magnetic field on
the thermal QD,CC and EN in a very general way. The eigenvalues and
eigenvectors of H are
H|00〉 = −(B1 + B2)|00〉,
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H|11〉 = (B1 + B2)|11〉,
H|ψ±〉 = ±D|ψ±〉, (4.4)
where D2 = (B1 − B2)2 + J2 and |ψ±〉 = 1N± [|01〉 +
(B1−B2)±D
J |10〉]. We
denote the eigenvalues corresponding to |00〉, |11〉, |ψ±〉 by E00, E11, E± re-
spectively. In the standard basis, {|00〉, |01〉, |10〉, |11〉}, the density matrix
ρ(T ) is given by
ρ(T ) =
1
Z


u1 0 0 0
0 w1 v 0
0 v w2 0
0 0 0 u2

 , (4.5)
where
u1 = e
(B1+B2)/kT ,
u2 = e
−(B1+B2)/kT ,
w1 = cosh(
D
kT
) +
(B1 − B2)
D
sinh(
D
kT
),
w2 = cosh(
D
kT
)− (B1 − B2)
D
sinh(
D
kT
),
v = −J sinh(
D
kT
)
D
, (4.6)
and Z = Tr[exp(−HkT )] is the partition function. In the following we select
|J | as the energy unit and set k = 1.
4.3 Quantum Discord.
We suummarize here the concept of quantum discord, which already dis-
cussed in chapter 1. In classical information theory (CIT) the total correla-
tion between two systems (two sets of random variables) A and B described
by a joint distribution probability p(A,B) is given by the mutual informa-
tion (MI),
I(A,B) = H(A) +H(B)−H(A,B), (4.7)
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with the Shannon entropy H(p) = −∑j pjlog2pj. Here pj represents the
probability of an event j associated to systems A,B, or to the joint system
AB. Using Bayes’s rule we may write MI as
I(A,B) = H(A)−H(A|B), (4.8)
where H(A|B) is the classical conditional entropy. In CIT these two ex-
pressions are equivalent but in the quantum domain this is no longer true
[76, 132]. The first quantum extension of MI, denoted by I(ρ), is obtained
directly replacing the Shannon entropy in Eq. (4.7) with the von Neumann
entropy, S(ρ) = −Tr(ρlog2ρ), with ρ, a density matrix, replacing probabil-
ity distributions. To obtain a quantum version of Eq. (4.8) it is necessary
to generalize the classical conditional entropy. This is done recognizing
H(A|B) as a measure of our ignorance about system A after we make a
set of measurements on B. When B is a quantum system the choice of
measurements determines the amount of information we can extract from
it. We restrict ourselves to von Neumann measurements on B described
by a complete set of orthogonal projectors, Πj, corresponding to outcomes
j.
After a measurement, the quantum state ρ changes to ρj = [(I⊗Πj)ρ(I⊗
Πj)]/pj, with I the identity operator for system A and pj = Tr[(I⊗Πj)ρ(I⊗
Πj)]. Thus, one defines the quantum analog of the conditional entropy as
S(ρ|{Πj}) =
∑
j pjS(ρj) and, consequently, the second quantum extension
of the classical MI as [76]
J (ρ|{Πj}) = S(ρA) − S(ρ|{Πj}). The value of J (ρ|{Πj}) depends on
the choice of {Πj}.
Henderson and Vedral [76] have shown that the maximum of J (ρ|{Πj})
with respect to {Πj} can be interpreted as a measure of classical correla-
tions. Therefore, the difference between the total correlations I(ρ) and the
classical correlations Q(ρ) = sup{Πj}J (ρ|{Πj}) is defined as
D(ρ) = I(ρ)−Q(ρ), (4.9)
giving, finally, a measure of quantum correlations [76, 129] called quantum
discord (QD). For pure states QD reduces to entropy of entanglement
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[52], highlighting that in this case all correlations come from entanglement.
However, it is possible to find separable (not-entangled) mixed states with
nonzero QD [76, 132], meaning that entanglement does not cause all non-
classical correlations contained in a composite quantum system. Also, QD
can be operationally seen as the difference of work that can be extracted
from a heat bath using a bipartite system acting either globally or only
locally [78].
4.4 Results and discussion.
4.4.1 Case I: B1 = −B2, and (J > 0).
In this case, |ψ−〉 is the ground state with eigenvalue E− = −
√
4B21 + J
2.
Other eigenvalues are {0, 0,
√
4B21 + J
2} for eigenvectors {|00〉, |11〉, |ψ+〉}
respectively. In this case the variation of QD,CC and EN with B1 at
different temperatures (T=0.2, 0.9, 1.5) is depicted in Figs. (4.1), (4.2)
and (4.3), respectively. We observe that QD and CC in the thermal state
coincide for all values of B1 for different temperatures (T=0.2, 0.9, 1.5).
In order to understand this observation, we take a close look at the
thermal state. At temperature T, the thermal state is given by
ρ =
1
Z
[|00〉〈00|+ |11〉〈11|+ e√4B21+J2/T
|ψ−〉〈ψ−|+ e−
√
4B21+J
2/T |ψ+〉〈ψ+|]. (4.10)
This ρ has the Bloch representation [99]
ρ =
1
4
[I ⊗ I +
3∑
i=1
ciσi ⊗ σi], (4.11)
where σi (i = 1, 2, 3) are the one-qubit Pauli operators.
The class of mixed states as in Eq. (4.11) have equal classical and quantum
correlations (like bipartite pure states [133]) provided
ci = cj > ck
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and
ck = −c2i (4.12)
where i 6= j 6= k ∈ {1, 2, 3} (see the Appendix to this chapter). Here
ci, cj, ck are the diagonal elements of the correlation matrix defined by
cij = Tr(ρσi ⊗ σj). It is straightforward to check that the thermal state ρ
in Eq. (4.10) which has form of Eq. (4.11) satisfies conditions (12). This
explains the observations in Figs. (4.1), (4.2) and (4.3), that the two qubit
thermal state ρ for B1 = −B2 in Eq. (4.10) gives rise to equal QD and
CC for all values of B1 and temperature. In order to see why the common
curve for QD and CC peaks at B1 = 0 we can maximize the expression
for QD = CC with respect to B1 and check that the maximum occurs at
B1 = 0.
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Fig. (4.1) : QD and CC (dashed line) and EN (solid line) as a function of external
magnetic field B1 = −B2 at T = 0.2
From Figs. (4.1), (4.2) and (4.3), we also see that EN as a function
of B1 has a peak at B1 = 0 for T = 0.2, has a dip for T = 0.9 and goes
to zero over an interval symmetric about B1 = 0 for T = 1.5 [128]. From
Eq. (4.10) we see that the concurrence of the thermal state is governed by
the admixture of the |ψ+〉 and |ψ−〉 states. We expect concurrence to fall
as the state |ψ+〉 classically mixes more and more with the ground state
|ψ−〉. For fixed J = 1 and a fixed temperature T, this happens for B1 = 0.
That is why we got a dip in the EN curve at B1 = 0. The size of this dip
increases with temperature. In fact the dip touches the B1 axis when, at
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Fig. (4.2) : QD and CC (dashed line) and EN (solid line) as a function of external
magnetic field B1 = −B2 at T = 0.9
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Fig. (4.3) : QD and CC (dashed line) and EN (solid line) as a function of external
magnetic field B1 = −B2 at T = 1.5
B1 = 0 the concurrence is zero. To see this we note that the concurrence
for ρ in Eq. (4.10) is given by [134]
C =
2
Z
max{|v| − √u1u2, 0} (4.13)
where v, u1, u2 are given in Eq. (4.6). Therefore, for B1 = 0 and J = 1,
C ≥ 0 provided sinh 1T ≥ 1 or T ≤ 1.1346. For T = 1.5 and J = 1, using
the requirement sinh D
T
= D, we can find the range of B1 around B1 = 0 in
which C = 0. This is −1.1456 ≤ B1 ≤ 1.1456. Figs. (4.1), (4.2) and (4.3)
confirm the corresponding behavior of EN.
Fig. (4.4) shows the variation of EN,QD,CC with temperature at fixed
values of B1 = −B2. As expected we have QD = CC for all temperatures.
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Both EN and QD (CC) curves have plateau at low temperatures corre-
sponding to their ground state values, as at these temperatures, the ground
state is not thermally connected to other exited states. Other interesting
observation is the vanishing of concurrence at a finite critical temperature
Tc which increases with B1 value, while QD and CC asymptotically go to
zero with temperature. The increase in Tc with B1 [128] can be understood
from the thermal state Eq. (4.10) which says that higher temperatures are
required to get a given admixture of |ψ−〉 and |ψ+〉 for higher B1 values.
0 1 2 3 4
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
   T
(a) 
0 1 2 3 4
0
0.02
0.04
0.06
0.08
0.1
0.12
T
(b) 
Fig. (4.4) : QD and CC (dashed line) and EN (solid line) as a function of the absolute
temperature T for (a) B1 = −B2 = 1 (b) B1 = −B2 = 2
4.4.2 Case II: B2 = −aB1 and (J > 0).
We now deal with the case B2 = −aB1, a 6= 1 and positive. B1 = 0 satisfies
both, B2 = −aB1 and B2 = −B1, so that QD = CC at B1 = 0, for all
temperatures T. For a fixed temperature T, it turns out that QD > CC for
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B1 6= 0 if a > 1 and CC > QD for B1 6= 0 if 0 < a < 1. This is depicted in
Fig. (4.5), for a = 2 and a = 1/2 for T = 1.5. The dominance of QD over
CC (or vice versa) varies continuously with a. This observation gives us the
key to control the contributions of QD and CC to a two qubit thermal state
in Heisenberg model via the continuous variation of the applied magnetic
field. The behavior of concurrence in this case can be analyzed in a way
similar to the case B2 = −B1, (a = 1). From Fig. (4.5), we see that for the
same temperature, the range over which concurrence vanishes depends on
a, this range decreases monotonically with a. Also, the peak position of
concurrence (or, EN) on the B1 axis shifts monotonically towards B1 = 0
as a increases. Thus the main entanglement features can be controlled by
varying external magnetic fields.
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Fig. (4.5) : QD (dashed line), CC (dash-dotted line) and EN (solid line) as a function
of external magnetic field B1 at T = 1.5 (a) B2 = −2B1 (b) B2 = −B1/2.
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4.4.3 Case III: B1 = B2. and (J > 0).
For uniform external magnetic field B1 = B2, Figs. (4.6), (4.7) and
(4.8), show the variation of QD,CC and EN with B1 for temperatures
T = 0.2, 0.9, 1.5, respectively. We see that all three quantities are symmet-
ric about B1 = 0 where they have their maximum. Further, QD > CC,
except at B1 = 0, where QD = CC. For higher temperatures, the quali-
tative behavior of QD and CC remains the same, while EN curve drops
down below those of QD and CC. This can be qualitatively understood by
looking at the thermal state given by
ρ =
1
Z
[
e2B1/T |00〉〈00|+ e−2B1/T |11〉〈11|
+ eJ/T |ψ−〉〈ψ−|+ e−J/T |ψ+〉〈ψ+|]. (4.14)
For small temperatures, the entanglement of the thermal state is largely
dictated by that of |ψ−〉 and becomes dominant. At higher temperatures,
admixture due to other states reduces the entanglement, so that QD and
CC dominate. Such a complementary behavior of entanglement and dis-
cord can serve as a pointer to wards a possible connection between them.
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Fig. (4.6) : QD (dashed line), CC (dash-dotted line) and EN (solid line) as a function
of external magnetic field B1 where B1 = B2 at T = 0.2
Fig. (4.9), shows the variation of QD,CC and EN with temperature
for B1 = B2 = 1 and B1 = B2 = 2. We see that for high temperatures,
QD hugely dominates EN , showing the robustness of QD with tempera-
ture. As temperature becomes large QD and CC converge to wards each
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Fig. (4.7): QD (dashed line), CC (dash-dotted line) and EN (solid line) as a function
of external magnetic field B1 where B1 = B2 at T = 0.9
−4 −2 0 2 4
0
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
B1
 
Fig. (4.8) : QD (dashed line), CC (dash-dotted line) and EN (solid line) as a function
of external magnetic field B1 where B1 = B2 at T = 1.5
other. For larger values of B1 this happens at higher temperatures. As
the temperature increases, all the coefficients in the thermal mixture Eq.
(4.14) tend to be equal and the thermal state approaches random mixture.
Thus it seems that QD and CC approach each other as an arbitrary ther-
mal state approaches a random mixture. Obviously, for random mixture
ρ = 14(I⊗I), QD = CC = 0. A quantitative analysis of the relative behav-
iors of QD and CC with temperature will be very interesting, but possibly
have to wait for further developments in the theory.
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Fig. (4.9) : QD (dashed line), CC (dash-dotted line) and EN (solid line) as a function
of the absolute temperature T for (a) B1 = B2 = 1 (b) B1 = B2 = 2
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Fig. (4.10) : ENAB (solid line), QD←−AB (dashed line), ENAE (dot line) and QD←−AE
(dash-dotted line), as a function of external magnetic field B1 = −B2 at T = 0.9
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4.5 Monogamy relations between System and envi-
ronment.
It will be interesting to connect our results in previous section with the
monogamy relations between the EN and the classical correlation [135] of
two subsystems (qubits) and the environment
ENAB + CC←−AE = SA,
ENAE + CC←−−AB = SA, (4.15)
and the relation between EN and QD [136],
ENAB + ENAE = QD←−−AB +QD←−AE, (4.16)
showing us that EN and QD always exist is pairs. Here A,B label the
qubits and E stands for the environment. We assume that environment
(heat bath) comprises the universe minus the qubits A and B so that the
state ρABE is a pure state. Since the variation of all the quantities pertain-
ing to the system AB with B1 and T are obtained form the XX model,
we can use Eqs. ((4.15), (4.16)) to find the corresponding dependence of
ENAE and QD←−AE on B1 and T . Figs. (4.10) and (4.11), (for B1 = −B2)
show the variation of ENAE and QD←−AE with B1 and T .
The monogamic relations also help us establish a necessary and sufficient
condition for QD←−−
AB
= CC←−−
AB
when the environment is present. This is :
QD←−−
AB
= CC←−−
AB
if and only if 12IAB = ENAE + ENAB − QD←−AE . To prove
the necessity we note that when QD←−−
AB
= CC←−−
AB
, (that is, QD←−−
AB
= 1
2
IAB),
Eq. (4.16) can be written as
1
2
IAB = ENAE + ENAB −QD←−AE. (4.17)
Now suppose Eq. (4.17) is true. Then using Eq. (4.16) we have
QD←−−
AB
=
1
2
IAB
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which implies QD←−−
AB
= CC←−−
AB
. Figs. (4.12) and (4.13), show the variation
of both sides of Eq. (4.17) with B1 and T which establishes Eq. (4.17) for
the XX model.
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Fig. (4.11) : ENAB (solid line), QD←−AB (dashed line), ENAE (dot line) and QD←−AE
(dash-dotted line), as a function of the absolute temperature T for B1 = −B2 = 1.
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Fig. (4.12) : 1
2
IAB (solid line), ENAE + ENAB −QD←−AE (dashed line), as a function of
external magnetic field B2 = −B1 at T = 1.5
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Fig. (4.13) : 1
2
IAB (solid line), ENAE + ENAB −QD←−AE (dashed line), as a function of
the temperature T for B2 = −B1 = −1.
4.6 Summary and comments
In this chapter, we have studied the variation of QD,CC and EN in two
qubit XX Heisenberg chain as functions of independently varied magnetic
fieldsB1 andB2 on each qubit and also with temperature. We deal with two
cases B1 = −B2 (nonuniform field) and B1 = B2 (uniform field). Our first
observation is the complementary behavior of entanglement and QD/CC.
For the nonuniform magnetic field, we get the interesting observation that
QD and CC are equal for all B1 = −B2 values as well as all temperatures.
Surprisingly, this observation is explained quite simply, using the symmet-
ric form of the thermal state. A very interesting observation is that the
relative contributions of QD and CC can be tunably controlled by varying
the applied magnetic field. Another interesting finding is that the equality
of QD and CC of the subsystem (qubits) imposes a constraint on the dis-
tribution of QD and EN over the subsystem and its environment. Further
investigation of general Heisenberg models like XXZ along these lines may
turn out to be interesting and fruitful.
Appendix:
Theorem: If the quantum state has the Bloch representation [99]
ρ =
1
4
[I ⊗ I +
3∑
i=1
ciσi ⊗ σi],
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and ci = cj > ck and ck = −c2i where i 6= j 6= k ∈ {1, 2, 3}, then
this state contains the same amount of quantum and classical correlation
(QD = CC).
Proof : In Ref. [86] S. Luo evaluated analytically the quantum discord
for a large family of two-qubit states, which have the maximally mixed
marginal and their Bloch representation is
ρ =
1
4
[I ⊗ I +
3∑
i=1
ciσi ⊗ σi].
For this class of quantum states the quantum mutual information is
I(ρ) = 14[(1−c1−c2−c3)log2(1−c1−c2−c3)+(1−c1+c2+c3)log2(1−c1+c2+
c3)+(1+c1−c2+c3)log2(1+c1−c2+c3)+(1+c1+c2−c3)log2(1+c1+c2−c3)].
We substitute the conditions above in the quantum mutual information.
Puting c = c1 = c2 > c3 and c3 = −c2, we get,
I(ρ) = 14[(1−2c+c2)log2(1−2c+c2)+(1−c2)log2(1−c2)+(1−c2)log2(1−
c2) + (1 + 2c+ c2)log2(1 + 2c+ c
2)] After some algebraic simplification, we
get
I(ρ) = (1− c)log2(1− c) + (1 + c)log2(1 + c)
which equals 2CC as in Ref. [86]. It is also easy to check that the above
argument goes through when c = c1 = c3 > c2 and c2 = −c2 and when
c = c3 = c2 > c1 and c1 = −c2, to get I(ρ) = 2CC. Thus,
QD(ρ) = I(ρ)− CC(ρ) = CC(ρ).
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Chapter 5
Geometric measure of quantum
discord for an arbitrary state of a
bipartite quantum system.
Author unknown
A statement which has an essential message, which is short, simple and unambiguous in expression while
generic and universal in application, is called a principle or a formula.
5.1 Introduction
Quantum discord, (Olliver and Zurek [76]), is a measure of the discrep-
ancy between quantum versions of two classically equivalent expressions
for mutual information and is found to be useful in quantification and ap-
plication of quantum correlations in mixed states. It is viewed as a key
resource present in certain quantum communication tasks and quantum
computational models without containing much entanglement. A step to-
ward the quantification of quantum discord in a quantum state was by
Dakic, Vedral, and Brukner [83] who introduced a geometric measure of
quantum discord and derived an explicit formula for any two-qubit state.
Recently, Luo and Fu [137] introduced a generic form of the geometric
measure of quantum discord. Using these results we find an exact formula
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for the geometric measure of quantum discord for an arbitrary state of a
m×n bipartite quantum system. This geometric measure is experimentally
accessible.
Correlations in quantum states, with fundamental applications and im-
plications for quantum information processing, are usually studied in the
entanglement-versus-separability framework [25, 138]. However, entangle-
ment, while widely regarded as nonlocal quantum correlations, is not the
only kind of correlation. An alternative classification for correlations based
on quantum measurements has arisen in recent years and also plays an im-
portant role in quantum information theory [139, 86, 140, 141]. This is
the quantum-versus-classical paradigm for correlations. In particular, the
quantum discord as a measure of quantum correlations, initially introduced
by Ollivier and Zurek [76] and by Henderson and Vedral [79], is attracting
increasing interest [143-164]. Recall that the quantum discord of a bipar-
tite state ρ on a system Ha⊗Hb with marginals ρa and ρb can be expressed
as
Q(ρ) = min
Πa
{I(ρ)− I(Πa(ρ))}. (5.1)
Here the minimum is over von Neumann measurements (one dimensional
orthogonal projectors summing to the identity) Πa = {Πak} on subsystem
a, and
Πa(ρ) =
∑
k
(Πak ⊗ Ib)ρ(Πak ⊗ Ib)
is the resulting state after the measurement. I(ρ) = S(ρa) + S(ρb)− S(ρ)
is the quantum mutual information, S(ρ) = −trρ ln ρ is the von Neumann
entropy, and Ib is the identity operator onHb. Intuitively, quantum discord
may thus be interpreted as the minimal loss of correlations (as measured
by the quantum mutual information) due to measurement. This formula-
tion of quantum discord is equivalent to the original definition of quantum
discord by Ollivier and Zurek [76]. Recently, Dakic et al. introduced the
following geometric measure of quantum discord [83]:
D(ρ) = min
χ
||ρ− χ||2, (5.2)
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where the minimum is over the set of zero-discord states [i.e., Q(χ) = 0]
and the geometric quantity
||ρ− χ||2 := tr(ρ− χ)2
is the square of Hilbert-Schmidt norm of Hermitian operators. A state χ
on Ha ⊗Hb is of zero discord if and only if it is a classical-quantum state
[77, 76], which can be represented as
χ =
m∑
k=1
pk|k〉〈k| ⊗ ρk, (5.3)
where {pk} is a probability distribution, {|k〉} is an arbitrary orthonormal
basis for Ha and ρk is a set of arbitrary states (density operators) on H
b.
Dakic et al [83] obtained an easily computable exact expression for the
geometric measure of quantum discord for a two qubit system, which can
be described as follows. Consider a two-qubit state ρ expressed in its Bloch
representation as (see below)
ρ =
1
4
(
Ia ⊗ Ib +
3∑
i=1
(xiσi ⊗ Ib + Ia ⊗ yiσi)
+
3∑
i,j=1
tijσi ⊗ σj
)
,
{σi} being the Pauli spin matrices. Then its geometric measure of quantum
discord is given by [83]
D(ρ) =
1
4
(||x||2 + ||T ||2 − λmax). (5.4)
Here ~x := (x1, x2, x3)
t and ~y := (y1, y2, y3)
t are coherent (column) vectors,
T = (tij) is the correlation matrix, and λmax is the largest eigenvalue of the
matrix ~x~xt + TT t. The norms of vectors and matrices are the Euclidean
norms, for example, ||x||2 :=∑i x2i . Here and throughout this article, the
superscript t denotes transpose of vectors or matrices.
In order to obtain the exact formula for the quantum discord in an
arbitrary bi-partite state, we set up the following scenario. Consider a
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bipartite system Ha ⊗Hb with dim Ha = m and dim Hb = n. Let L(Ha)
be the space consisting of all linear operators on Ha. This is a Hilbert
space with the Hilbert-Schmidt inner product
〈X|Y 〉 = trX†Y.
The Hilbert spaces L(Hb) and L(Ha ⊗ Hb) are defined similarly. Let
{Xi : i = 1, 2, · · · , m2} and {Yj : j = 1, 2, · · · , n2} be sets of Hermi-
tian operators which constitute orthonormal bases for L(Ha) and L(Hb)
respectively. Then
trXiXi′ = δii′, trYjYj′ = δjj′.
{Xi⊗Yj} constitutes an orthonormal (product) basis for L(Ha⊗Hb) (linear
operators on Ha ⊗ Hb). In particular, any bipartite state ρ on Ha ⊗ Hb
can be expanded as
ρ =
∑
ij
cijXi ⊗ Yj, (5.5)
with cij = tr(ρXi ⊗ Yj).
Quite recently, S. Luo and S. Fu introduced the following form of geo-
metric measure of quantum discord [137]
D(ρ) = tr(CC t)−max
A
tr(ACC tAt), (5.6)
where C = [cij] (Eq.(5.5)) is an m
2×n2 matrix and the maximum is taken
over all m×m2-dimensional isometric (see below) matrices A = [aki] such
that
aki = tr(|k〉〈k|Xi) = 〈k|Xi|k〉, k = 1, 2, . . . , m ; i = 1, 2, . . . , m2
(5.7)
and {|k〉} is any orthonormal basis in Ha. We can expand the operator
|k〉〈k| in the basis {Xi} as
|k〉〈k| =
∑
i
akiXi, k = 1, 2, . . . , m. (5.8)
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A = [aki] is an isometry in the sense that AA
t = Ia and the row vectors ~ak
of the matrix A satisfy
||~ak||2 =
m2∑
i=1
a2ki = 1. (5.9)
Further, using their definition it immediately follows that
m∑
k=1
aki = trXi. (5.10)
We need the structure of the Bloch representation of density operators,
which can be briefly described as follows [121, 96, 106]. Bloch representa-
tion of a density operator acting on the Hilbert space of a d-level quantum
system Cd is given by
ρ =
1
d
(Id +
∑
i
siλ˜i), (5.11)
where the components of the coherent vector ~s, defined via Eq.(5.11), are
given by si =
d
2tr(ρλ˜i). Eq.(5.11) is the expansion of ρ in the Hilbert-
Schmidt basis {Id, λ˜i; i = 1, 2, . . . , d2 − 1} where λ˜i are the traceless or-
thogonal hermitian generators of SU(d) satisfying tr(λ˜iλ˜j) = 2δij [121].
These generators are characterized by structure constants fijk (completely
antisymmetric tensor) and gijk (completely symmetric tensor) of Lie alge-
bra su(d) via
λ˜iλ˜j =
2
d
δijId + ifijkλ˜k + gijkλ˜k (5.12)
A systematic construction of the generators of SU(d) is known [95] and
are given by
{λ˜i}d2−1i=1 = {uˆjk, vˆjk, ωˆl}, (5.13)
where
uˆjk = |j〉〈k| + |k〉〈j|, vˆjk = −i(|j〉〈k| − |k〉〈j|) 1 ≤ j ≤ k ≤ d
ωˆl =
√
2
l(l + 1)
l∑
j=1
(|j〉〈j| − l|l + 1〉〈l + 1|) 1 ≤ l ≤ d− 1
(5.14)
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with {|s〉}ds=1 being some complete orthonormal basis in Hd. In what fol-
lows, we take the generators of SU(d) as defined via Eqs.(5.13,5.14).
We can represent the density operators acting on a bipartite system
Ha ⊗Hb with dim(Ha) = m and dim(Hb) = n, as
ρ =
1
mn
(Im ⊗ In +
∑
i
xiλ˜i ⊗ In +
∑
j
yjIm ⊗ λ˜j
+
∑
ij
tijλ˜i ⊗ λ˜j), (5.15)
where λ˜i, i = 1, . . . , m
2 − 1 and λ˜j , j = 1, . . . , n2 − 1 are the generators
of SU(m) and SU(n) respectively. Notice that ~x ∈ Rm2−1 and ~y ∈ Rn2−1
are the coherence vectors of the subsystems A and B, so that they can be
determined locally. These are given by [96]
xi =
m
2
tr(ρλ˜i ⊗ In) = m
2
tr(ρAλ˜i)
yj =
n
2
tr(ρIm ⊗ λ˜j) = n
2
tr(ρBλ˜j),
where ρA = trB(ρ) and ρB = trA(ρ) are the reduced density matrices. The
correlation matrix T = [tij] is given by
T = [tij] =
mn
4
[tr(ρλ˜i ⊗ λ˜j)].
5.2 Main result.
We find the maximum in Eq.(5.6) to obtain an exact analytic formula, as
in the two-qubit case (Eq.(5.4)) [83].
Theorem 1. Let ρ be a bipartite state defined by Eq. (5.15), then
D(ρ) =
2
m2n
[
||~x||2 + 2
n
||T ||2 −
m−1∑
l=1
η(l+1)2−1
]
, (5.16)
where ηj, j = 1, 2, · · · , m2−1 are the eigenvalues of the matrix (~x~xt+ 2TT tn )
arranged in increasing order (counting multiplicity).
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We prove this theorem for arbitrary (finite) m and n.
We choose the orthonormal bases {Xi} and {Yj} in Eq.(5.5) as the
generators of SU(m) and SU(n) respectively [121], that is,
X1 =
1√
m
Im, Y1 =
1√
n
In,
and
Xi =
1√
2
λ˜i−1, i = 2, 3, . . . , m2
Yj =
1√
2
λ˜j−1, j = 2, 3, . . . , n2.
Since trλ˜i = 0; i = 1, 2, · · · , m2 − 1, we have, via Eq.(5.10),
m∑
k=1
aki = trXi = trλ˜i−1 = 0, i = 2, . . . , m2.
Therefore,
ami = −
m−1∑
k=1
aki, i = 2, 3, · · · , m2. (5.17)
We now proceed to construct the m ×m2 matrix A defined via Eq.(5.7).
We will use Eq.(5.17). The row vectors of A are
~ak = (ak1, ak2, · · · , akm2); k = 1, 2, . . . , m.
Next we define
eˆk =
√
m
m− 1(ak2, ak3, . . . , akm2), k = 1, 2, . . . , m− 1 (5.18)
and using Eq.(5.17), we get
eˆm = −
m−1∑
k=1
eˆk. (5.19)
We can prove
||eˆk||2 = 1 k = 1, 2, . . . , m (5.20)
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using the condition ||~ak||2 =
∑9
i=1 a
2
ki = 1 (Eq.(5.9)) and using Eq.(5.10)
with i = 1, namely, ak1 = tr(|k〉〈k|X1) = 1√m . Further, isometry of the A
matrix (AAt = I) implies
eˆieˆ
t
j =
−1
m− 1 , j 6= i = 1, 2, . . . , m. (5.21)
We can now construct the row vectors of m×m2 matrix A, using Eq.(5.18)
and Eq.(5.19).
~ak =
1√
m
(1,
√
m− 1eˆk), k = 1, 2, · · · , m− 1
~am =
1√
m
(1,−√m− 1
m−1∑
k=1
eˆk)
The matrix A is, in terms of its row vectors defined above,
A =
1√
m


1
√
m− 1eˆ1
1
√
m− 1eˆ2
1
√
m− 1eˆ3
...
...
1 −√m− 1∑m−1k=1 eˆk

 .
We get the elements of C = [cij] = [tr(ρXi⊗Yj)] using the definitions of
the bases {Xi} and {Yj} given above, in terms of the generators of SU(m)
and SU(n). These are
c11 =
1√
mn
,
c1j =
√
2
n
√
m
yj, j = 2, . . . , n
2
ci1 =
√
2
m
√
n
xi, i = 2, · · · , m2
cij =
2
mntij, i = 2, . . . , m
2 ; j = 2, . . . , n2
where xi and yj are the components of the coherent vectors in Eq.(5.15)
and tij are the elements of the correlation matrix T. The matrix C can
then be written as
C =
(
1√
mn
√
2
n
√
m
~yt√
2
m
√
n
~x 2
mn
T
)
,
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and
tr(CC t) =
1
mn
+
2
n2m
||~y||2 + 2
m2n
||~x||2
+
4
n2m2
||T ||2. (5.22)
Having constructed the matrices A and C, we get, for tr(ACC tAt),
tr(ACC tAt) =
1
m
{
1
n
+
2
n2
||~y||2 + 2(m− 1)
m2n
[
m−1∑
j=1
eˆjGeˆ
t
j +
m−1∑
i=1
m−1∑
j=1
eˆiGeˆ
t
j
]}
.
(5.23)
where
G = ~x~xt +
2TT t
n
(5.24)
is the (m2 − 1) × (m2 − 1) real symmetric matrix. For m = n = 2, as in
[83],
tr(ACC tAt) =
1
4
[
1 + ||~y||2 + eˆ1Geˆt1
]
, (5.25)
which attains the maximum of tr(ACC tAt), when eˆt1 is an eigenvector of
matrixG for largest eigenvalue, which give us Eq.(5.4). The eigenvectors of
G span Rm
2−1 and form a orthonormal basis of Rm
2−1. Let η1, η2, . . . , ηm2−1
be the eigenvalues of G arranged in increasing order (counting multiplic-
ity). Let (|fˆ1〉, |fˆ2〉, . . . , |fˆm2−1〉) be the corresponding orthonormal eigen-
vectors of G. Here and in what follows we denote the column vectors in a
orthonormal basis in Rm
2−1 by ket and the corresponding row vectors by
bra. Whether a ket (bra) vector belongs to Rm
2−1 or Ha can be understood
with reference to context.
The last constraint on vectors {eˆj}making up matrixA is that {eˆj}, j =
1, . . . , m must be the coherent vectors of m pure states comprising an or-
thonormal basis of Ha [96]. We can span all such sets of coherent vectors
(each making up an A matrix) using Lemma 1 proved in the Appendix.
As seen from Lemma 1, in order to span all the sets of coherent vec-
tors making up matrix A, we can start with the set of coherent vectors
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{nˆj}, j = 1, . . . , m corresponding to some orthonormal basis in Ha and
then obtain all possible other sets of coherent vectors composing matrix
A via Eq.(A1) corresponding to the unitary transformations U taking the
initial orthonormal basis to other orthonormal bases in Ha. We choose the
initial orthonormal basis with coherent vectors {nˆj} to be the standard
(computational) basis {|k〉} k = 1, . . . , m. We can write
nˆj =
m2−1∑
i=1
ǫij|i〉 j = 1, . . . , m (5.26)
where now the set {|i〉} i = 1, . . . , m2−1 is the orthonormal basis in Rm2−1,
the ith basis vector consisting of 1 at the ith place and zero at all other
places. ǫ = [ǫij] is a m
2 ×m matrix with its jth column being vector nˆj
expressed in {|i〉} basis. Obviously,
ǫkj =
√
m
2(m− 1)〈j|λk|j〉.
Substituting Eq.(A1) and Eq.(5.26) in Eq.(5.23) we get,
tr(ACC tAt) =
1
m

1n + 2n2 ||~y||2 + 2(m− 1)m2n

m−1∑
j=1
m2−1∑
k=1
m2−1∑
p=1
ǫkjǫpj〈k|OGOt|p〉
+
m−1∑
i=1
m−1∑
j=1
m2−1∑
k=1
m2−1∑
p=1
ǫkiǫpj〈k|OGOt|p〉



 . (5.27)
We write G =
∑m2−1
q=1 ηq|fˆq〉〈fˆq|, with its eigenvalues arranged in non-
decreasing order, giving
tr(ACC tAt) =
1
m

1n + 2n2 ||~y||2 + 2(m− 1)m2n
m2−1∑
k=1
m2−1∑
p=1
m2−1∑
q=1
ηq〈k|O|fˆq〉〈fˆq|Ot|p〉
[
m−1∑
j=1
ǫkjǫpj +
m−1∑
i=1
m−1∑
j=1
ǫkiǫpj
]}
. (5.28)
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We substitute ǫkj =
√
m
2(m−1)〈j|λk|j〉 in Eq.(5.28), to get
tr(ACC tAt) =
1
m

1n + 2n2 ||~y||2 + 1mn
m2−1∑
k=1
m2−1∑
p=1
m2−1∑
q=1
ηq〈k|O|fˆq〉〈fˆq|Ot|p〉
[
m−1∑
j=1
〈j|λ˜k|j〉〈j|λ˜p|j〉 +
m−1∑
i=1
m−1∑
j=1
〈i|λ˜k|i〉〈j|λ˜p|j〉
]}
. (5.29)
To evaluate the sums in Eq.(5.29) we need the average values of λ˜k
operators in the standard (computational) basis states in Ha. Using the
definition of λ˜k, k = 1, . . . , m
2 − 1 operators in Eqs.(5.13,5.14) [95] and
the fact that |i〉, |j〉 in Eq.(5.29) correspond to the standard basis in Ha,
we see that 〈i|λ˜k|i〉 6= 0, k = 1, 2, · · · , m2 − 1 only for k = (l + 1)2 −
1, 1 ≤ l ≤ m − 1. Also, 〈j|λ˜p|j〉 6= 0, p = 1, 2, · · · , m2 − 1 only for
p = (s+ 1)2 − 1, 1 ≤ s ≤ m− 1. For λ˜(l+1)2−1 or λ˜(s+1)2−1 we have,
λ˜(l(s)+1)2−1 =
√
2
l(s)(l(s) + 1)
(
l(s)∑
j=1
|j〉〈j| − l(s)|l(s) + 1〉〈l(s) + 1|).
where
1 ≤ l(s) ≤ m− 1.
Using the definition of λ˜(l(s)+1)2−1 above, we can easily prove
m−1∑
j=1
〈j|λ˜(l+1)2−1|j〉〈j|λ˜(s+1)2−1|j〉 =


2 if 1 ≤ l = s ≤ m− 2
2
m if l = s = m− 1
0 otherwise
m−1∑
i=1
〈i|λ˜(l+1)2−1|i〉
m−1∑
j=1
〈j|λ(s+1)2−1|j〉 =
{
2(m−1)
m if l = s = m− 1
0 otherwise
Following the para after Eq.(5.29) and the above equations, Eq.(5.29) can
be reduced to
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tr(ACC tAt) =
1
m

1n + 2n2 ||~y||2 + 2mn
m2−1∑
q=1
ηq
[
m−1∑
l=1
|〈(l + 1)2 − 1|O|fˆq〉|2
]
 .
(5.30)
To get the maximum of tr(ACC tAt) over A matrices we use Cauchy-
Schwarz inequality
|〈(l + 1)2 − 1|O|fˆq〉|2 ≤ 〈(l + 1)2 − 1|(l + 1)2 − 1〉〈fˆq|OtO|fˆq〉 = 1,
which tells us that the desired maximum is obtained by choosing O in
Eq.(5.30) to be that orthogonal matrix which takes the eigenbasis of G
matrix to the standard basis in Rm
2−1. We denote the inverse of this or-
thogonal matrix by Otmax. Thus we get,
max
A
tr(ACC tAt) =
1
m
{
1
n
+
2
n2
||~y||2 + 2
mn
[
m−1∑
l=1
η(l+1)2−1
]}
. (5.31)
Finally, Eq.(5.22), Eq.(5.31) and Eq.(5.6) together imply
D(ρ) =
2
m2n
[
||~x||2 + 2
n
||T ||2 −
m−1∑
l=1
η(l+1)2−1
]
. (5.32)
To complete the proof we have to show that the vectors
eˆtj = O
t
maxnˆj ; j = 1, . . . , m
2 − 1
are the coherent vectors of some pure states in Ha given that the vectors
{nˆj} are the coherent vectors of the computational basis states in Ha. A
necessary and sufficient condition for the vectors {eˆtj} to be the coherent
vectors of some pure states in Ha is
eˆtj ∗ eˆtj = eˆtj , j = 1, . . . , m (5.33)
where the star product of vectors ~a and ~b is defined as
(~a ∗~b)k =
√
m(m− 1)
2
1
m− 2
∑
i,j
gijkaibj,
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gijk being the elements of the completely symmetric tensor for SU(m), de-
fined as in Eq.(5.12). The orthogonal operatorOtmax maximizing tr(ACC
tAt)
is given by
Otmax =
∑
k
|fˆk〉〈kˆ|,
so that the vectors eˆtj are, using Eq.(5.26)
eˆtj = O
t
maxnˆj =
m2−1∑
i=1
ǫij|fˆi〉 j = 1, . . . , m.
Thus vectors eˆtj have the same components with respect to the rotated
basis {|fˆi〉} as the components of nˆj with respect to the standard basis.
(That is, both the standard basis and the vectors nˆj undergo the same
rigid rotation.) It follows that eˆtj satisfy Eq.(5.33) if vectors nˆj do. This
completes the proof.
Remark 1 :
The choice of {λ˜k} operators, as defined in Eqs.(5.13,5.14) [95] is not a
restriction causing loss of generality. An arbitrary permutation of {λ˜k} by
a permutation matrix P replaces G by PGP t =
∑m2−1
q=1 ηP (q)|fˆP (q)〉〈fˆP (q)|
causing appropriate re-arrangement of eigenvectors |fˆq〉 and the corre-
sponding eigenvalues ηq. This leaves Eq.(5.31) invariant under such a per-
mutation.
Remark 2 :
We expect D(ρ) to vanish if ρ is a classical quantum state as in Eq.(5.3).
This follows trivially from the fact that the generators of the SU(m) group
are traceless, that is,
tr(λ˜i) =
m∑
k=1
〈k|λ˜i|k〉 = 0 i = 1, 2, . . . , m2 − 1,
where {|k〉}; k = 1, 2, . . . , m is an arbitrary orthonormal basis in Ha.
We emphasize that the geometric measure of quantum discord in Eq.(5.16)
is experimentally accessible, as all the quantities involved depend on the
average values of {λ˜i} and λ˜i⊗ λ˜j (generators of SU(m) and SU(n) respec-
tively) which are hermitian operators and hence are in principle measurable
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for any m and n. However, it turns out that feasible experimental meth-
ods to measure λ˜i, λ˜j are available only for qubits and qutrits [164, 165] in
which case they are simply related to spin angular momentum components
of a spin-12 and spin 1 particle respectively. Thus we can experimentally
determine the quantum discord in a bipartite system comprising qutrits
and qubits. It is important to note that this experimental determination
of the quantum discord does not require a detailed knowledge of the state
of the system and can apply to any stage of quantum information process
in which the state of the quatum system may not be known. In general,
determination of the unknown state of a quantum system is a formidable
task.
For m = n = 3, we have
D(ρ) =
2
27
[
||~x||2 + 2
3
||T ||2 − (η3 + η8)
]
. (5.34)
We now give some examples using Eq.(5.16).
Example 1. We consider the m×m-dimensional Werner state
ρ =
m− z
m3 −mI +
mz − 1
m3 −mF, z ∈ [−1, 1]
with F =
∑
kl |k〉〈l| ⊗ |l〉〈k|. First, we calculate the coherent vector ~x. We
have
xi =
m
2
tr(ρλ˜i ⊗ I) = m
2
[
m− z
m3 −mtr(λ˜i ⊗ I)
+
mz − 1
m3 −mtr(F (λ˜i ⊗ I))
]
. (5.35)
Since tr(λ˜i) = 0, (i = 1, 2, . . . , m
2−1), the first term in the above equation
is zero. This gives
xi =
m
2
[
mz − 1
m3 −m
∑
l
〈l|λ˜i|l〉
]
=
m
2
[
mz − 1
m3 −mtr(λ˜i)
]
= 0,
so that ~x = 0.
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Now, we calculate the elements of the correlation matrix
tij =
m2
4
tr(ρλ˜i ⊗ λ˜j) = m
2
4
[
m− z
m3 −mtr(λ˜i ⊗ λ˜j)
+
mz − 1
m3 −mtr(F (λ˜i ⊗ λ˜j))
]
. (5.36)
The first term in the above equation is zero, so that
tij =
m2
4
[
mz − 1
m3 −m
∑
l
〈l|λ˜iλ˜j|l〉
]
=
m2
4
[
mz − 1
m3 −mtr(λ˜iλ˜j)
]
.
Using the orthonormality of the generators {λ˜i} we get
tij =
m2
4
[
mz − 1
m3 −m(2δij)
]
or,
tii =
m2
2
(mz − 1)
(m3 −m) .
Thus T matrix is diagonal and all diagonal elements are equal. This gives,
2||T ||2
m
=
2
m
m2−1∑
i=1
t2ii =
2
m
[
m4
4
(mz − 1)2
(m3 −m)2(m
2 − 1)
]
=
m(mz − 1)2
2(m2 − 1) ,
the eigenvalues of 2mTT
t are all equal :
ηi =
m3(mz − 1)2
2(m3 −m)2 ,
Substituting ||~x||2 = 0 and the expressions for 2||T ||2m and {ηi} as above
in Eq.(5.16) we get, after some algebra, for the quantum discord of the
m×m-dimensional Werner state
D(ρ) =
(mz − 1)2
m(m− 1)(m+ 1)2 .
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A Werner state is separable if and only if z ∈ [0, 1], but its geometric
measure of quantum discord vanishes if and only if z = 1/m.
Example 2. We consider the particular casem = n = 3 and the bipartite
pure state
|ψ〉 = 1
2
|11〉+ 1
2
|22〉+ 1√
2
|33〉,
then by straightforward evaluation based on the original definition, its
geometric measure of quantum discord is D(|ψ〉〈ψ|) = 58 . We show that
Eq.(5.16) yields the same result.
The detailed calculation is as follows.
|ψ〉〈ψ| = 1
9
{I⊗ I−
√
3
4
I⊗λ8−
√
3
4
λ8⊗ I + 9
8
λ1⊗λ1+ 9
8
λ2⊗λ2+ 9
8
λ3⊗λ3
+
9
4
√
2
λ4 ⊗ λ4 − 9
4
√
2
λ5 ⊗ λ5 + 9
4
√
2
λ6 ⊗ λ6 − 9
4
√
2
λ7 ⊗ λ7 + 15
8
λ8 ⊗ λ8}
Using this expression for |ψ〉〈ψ|, we get,
G = ~x~xt +
2
3
TT t =


27
32
0 0 0 0 0 0 0
0 2732 0 0 0 0 0 0
0 0 2732 0 0 0 0 0
0 0 0 2716 0 0 0 0
0 0 0 0 2716 0 0 0
0 0 0 0 0 2716 0 0
0 0 0 0 0 0 2716 0
0 0 0 0 0 0 0 81
32


.
and from Eq.(5.34) we get, using the values of ||~x||2, 23 ||T ||2 and η3 + η8,
D(ρ) =
2
27
[
3
16
+
2
3
× 279
16
−
(
27
32
+
81
32
)]
=
5
8
.
Example 3. We consider the two qutrit state
ρ = p|e〉〈e| + (1− p)I
9
(5.37)
where |e〉 = 1√
6
(|2〉⊗|2〉+ |3〉⊗|3〉+ |2〉⊗|1〉+ |1〉⊗|2〉+ |1〉⊗|3〉+ |3〉⊗|1〉),
I is the identity operator and {|i〉; i = 1, 2, 3} is the standard basis in C3.
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Fig.(5.1) shows the variation of D(ρ) (Eq.(5.16)) and the lower bound on
D(ρ), as given in [137], namely, tr(CC t) −∑mi=1 λi (where {λi} are the
eigenvalues of CC t listed in the decreasing order, counting multiplicity),
with p. We see that D(ρ) (Eq.(5.16)) dominates this lower bound for p >
0.2.
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p
Fig.(5.1) : Quantum discord (Eq.(5.16)) (solid line) and its lower bound (Eq.(5.6) in
[137]) (dashed line) as a function of p (Eq.(5.37)).
Example 4. We consider the two qutrit state
ρ = p|e1〉〈e1|+ (1− p)|e2〉〈e2| (5.38)
where |e1〉 = 12|11〉+ 12|22〉+ 1√2|33〉 and |e2〉 = 1√6(|2〉⊗ |2〉+ |3〉 ⊗ |3〉+
|2〉 ⊗ |1〉 + |1〉 ⊗ |2〉 + |1〉 ⊗ |3〉 + |3〉 ⊗ |1〉). Fig.(5.2) shows the variation
of D(ρ) (Eq.(5.16)) and the lower bound on D(ρ), as in [137], namely,
tr(CC t)−∑mi=1 λi (where {λi} are the eigenvalues of CC t listed in the de-
creasing order, counting multiplicity), with p.We see thatD(ρ) (Eq.(5.16))
dominates this lower bound.
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Fig.(5.2) : Quantum discord (Eq.(5.16)) (solid line) and its lower bound (Eq.(5.6) in
[137]) (dashed line) as a function of p (Eq.(5.38)).
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Appendix to the chapter 5
A child of five would understand this. Send someone to fetch a child of five.
Groucho Marx
In this appendix we prove the lemma 1. For a given pure state |i〉〈i| and
an unitary operator U acting on Ha, there exists an orthogonal operator
O = [Oαβ] acting on R
m2−1 such that
eˆj = nˆ
t
jO (A1)
where nˆj is the coherence (column) vector of the state |i〉〈i| and eˆj is
the coherence (row) vector of the state U |i〉〈i|U †.
Proof: We use the following fact which is easily proved.
Uλ˜αU
† =
∑
β
Oαβλ˜β α = 1, . . . , m
2 − 1. (A2)
for some orthogonal operator O = [Oαβ].
We now have, using Eq.(A2)
∑
β
(eˆj)βλ˜β = U |i〉〈i|U † =
∑
α
(nˆj)αUλ˜αU
† =
∑
β
(∑
α
(nˆj)αOαβ
)
λ˜β
=
∑
β
(nˆtjO)βλ˜β
which proves the Lemma 1.
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Chapter 6
Summary and Future Directions.
The first chapter is introductory and does not present any new work.
Therefore, we start summarizing from the second chapter.
In chapter 2, we deal with the problem of controlled production of entan-
glement that is, producing the multipartite quantum systems in required
entangled states. The motivation of this work is as follows. It is now well
known that entanglement is a resource for accomplishing various kinds of
quantum information processing tasks and quantum communication proto-
cols, thus future technology may require uninterrupted supply of entangled
quantum systems just as the present day technology requires uninterrupted
supply of energy. Therefore, it is worth searching for the general methods
of preparing entangled quantum states of multipartite quantum systems.
This can be achieved, at least in principle, because different interaction
Hamiltonians can be expressed in a single generic form. We have imple-
mented some protocols for entanglement generation for two qubits, two
qutrits and three qubits using the geometric measure of entanglement sug-
gested by us [99, 100].
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A possible question that can be addressed is the effect of ancillas in en-
tanglement production. In ref. [42] ancillas are proved to improve efficiency
of entanglement production in the two qubit case.
A possible analytical approach to find the entanglement capacity for
two qutrits and three qubits is another challenge.
In chapter 3, we have given a geometric measure of entanglement for a
multipartite fermionic system. We construct a isomorphism which enables
us to view a fermionic (Fock) state as multiqubit state to which we can
apply the geometric the geometric entanglement measure invented by us
[99, 100]. We think that our way of defining the local operations in the case
of fermionic systems has removed the ambiguities prevailing before. We
have tested our measure on the generically important systems as Hubbard
dimer and trimer.
The basic open question in this area is the possible role of entanglement
in the wide range of cooperative phenomena in many body systems, in
particular quantum phase transition. We can use our measure to quanti-
tatively study the dependence of entanglement on various interaction pa-
rameters in the model Hamiltonian, which in turn are connected to the
physical behavior of systems. One of the immediate problems is the fate
of entanglement when the Coulomb interactions between different sites are
different (in Hubbard trimer).
In chapter 4, We investigate how thermal quantum discord (QD) and
classical correlations (CC) of a two qubit one-dimensional XX Heisen-
berg chain in thermal equilibrium depend on temperature of the bath as
well as on nonuniform external magnetic fields applied to two qubits and
varied separately. We show that the behavior of QD differs in many un-
expected ways from thermal entanglement (EOF ). For the nonuniform
case, (B1 = −B2) we find that QD and CC are equal for all values of
(B1 = −B2) and for different temperatures. We show that, in this case,
the thermal states of the system belong to a class of mixed states and satisfy
certain conditions under which QD and CC are equal. The specification
of this class and the corresponding conditions are completely general and
apply to any quantum system in a state in this class and satisfying these
conditions. We further find that the relative contributions of QD and CC
113
can be controlled easily by changing the relative magnitudes of B1 and B2.
Finally, we connect our results with the monogamy relations between the
EOF, classical correlations and the quantum discord of two qubits and the
environment.
Our work reported in chapter 5 solves the problem of finding a geometric
measure of QD in a bipartite state.
As for the future work with quantum discord, we think that finding a
viable relation between quantum discord and entanglement may be very
useful for mixed states. Such relations involving inequalities have been ob-
tained [136]. Quantifying QD for many particle systems and relating it to
various physical properties (like order parameters for the case of quantum
phase transition) is an area we find interesting. We feel that in this area
QD may be more useful than entanglement because QD measures total
quantum correlations while in most cases entanglement measures quantum
correlations breaking Bell inequalities.
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